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Abstract

This paper formulates a model of turbulent endogenous growth. Turbulence denotes the
endogenous job reallocation due to entry, exit, and churning (movements within the firm-size
distribution). The insight central to the model is that the forces that drive aggregate growth
also drive turbulence because the two are manifestations of a single underlying process: com-
petition for market share.

The profit motive drives competition for market share through R&D. When firms expand
their market share they face a lower relative price, reducing the marginal value of further
gains in market share. This leads to the emergence of diminishing returns in relative terms.
Therefore, incentives to innovate decline in relative size, generating churning endogenously as
mean-reversion. This mechanism delivers a stationary, non-degenerate firm-size distribution
with a realistic right tail dependent on R&D. Meanwhile, constant returns to the cumulative
factor (knowledge) drive a sustained aggregate growth rate determined by R&D. Endogenous
entry and exit entail selection effects that shape the characteristics of the firm population, and
generate a firm life cycle, affecting R&D, thus growth.

In a quantitative application that replicates changes in business dynamism in the US, I find
that aggregate productivity growth declines mildly despite higher R&D effort. (JEL: E19, L11,
O14, O31, O41)
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1 Introduction

Aggregate productivity growth is a turbulent process, intrinsically connected to business dynamism.

It is the key to improving living standards and among the essential factors that economists strive

to understand. Modern growth theory and empirics have emphasized R&D as the driver of pro-

ductivity growth. Importantly, they point out that firm-level R&D is responsible for firm growth

and firm formation, while lack of it may ultimately lead to firm death.

What is a turbulent process? The business environment is characterized by high entry and exit

rates. Additionally, firms expand and contract as they gain or lose market share, a phenomenon

known as churning, which entails reshuffling of firms’ position within the firm-size distribution.

Brown et al. (2008, p. 3) define turbulence to include both these aspects and identify an appropriate

measure for it, namely, the job reallocation rate. They write that turbulence is “the entire process

of economic change: worker reallocation as workers change jobs and job reallocation from firms

contracting and shutting down, to firms expanding and starting up.”

Discussions of turbulence and business dynamism are currently prominent due to their decline

in the past few decades in the US.1 Meanwhile, despite the increase in aggregate R&D, the growth

rate of aggregate productivity has failed to rise (Byrne et al., 2016; Syverson, 2017; Fernald, 2018).

Nevertheless, the link between all the dimensions of business dynamism and aggregate produc-

tivity growth is hard to rationalize.

The main goal of this paper is to first study the firm formation, firm growth, and firm death

processes that drive key aspects of business dynamism, and then link them to aggregate produc-

tivity growth. Specifically, differences in growth rates across firms display systematic elements,

such as negative correlation with initial relative size (Sutton, 1997; Caves, 1998; Audretsch et al.,

2004), higher frequency of exit among small and unproductive firms, and negative correlation be-

tween firms’ growth rates and age (Haltiwanger et al., 2012). Additionally, I address two questions

through an application of the model. First, what consequences do changes that explain declining

business dynamism have for aggregate labor productivity growth? Second, do these changes re-

produce the productivity growth slowdown observed in the past couple of decades relative to the

1The main trends observed in the data include a decrease in the job reallocation rate since 2000 (Decker et al., 2020),
a reduction in the startup rate (Decker et al., 2014), especially of high growth firms (Decker et al., 2016), and, as a
consequence, an increase in the average firm age Hopenhayn et al. (2018).
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previous one? The debate over this question is ongoing and still open.2

To achieve these goals, I build on the endogenous growth and the firm dynamics literatures. I

develop a framework with a continuum of firms,3 which produce unique but substitutable goods

(monopolistic competition). They perform innovation in-house to enhance their stock of techno-

logical knowledge through which they reduce their marginal cost of production, hence their price.

By reducing their price, firms steal market share from their competitors. Entry and exit decisions

are endogenous. In this framework, the fundamental source of heterogeneity is an idiosyncratic

stochastic R&D productivity (ability to innovate) drawn from a common distribution. Aggregate

variables evolve deterministically.

This paper contributes to the literature in four main ways. The first contribution is to show

that churning is at least partly endogenous and a fundamental property of the process of aggre-

gate productivity growth. In particular, the model identifies a mechanism through which R&D

differs across firms generating differences in growth rates, causing churning to arise. The pos-

sibility to steal market share from others provides incentives to innovate. Simultaneously, this

competitive force gives rise to economic diminishing returns, as increasing one’s own market share

reduces the remaining market share that can be gained with further innovation. Consequently,

incentives to innovate decline with market share giving rise to negative scale dependence — the

negative correlation between firms’ growth rates and their relative size — in the form of mean-

reversion. However, as these diminishing returns are in relative terms, they do not disrupt sus-

tained growth, which requires constant or increasing returns to the growth-driving factor. As a

result, the aggregate productivity growth rate depends on firms’ optimal R&D decisions as in

other fully endogenous growth models.

The theoretical ingredients responsible for this scale dependence are standard: (i) in-house

R&D; (ii) an idiosyncratic stochastic R&D productivity that is the root cause of heterogeneity

in firms’ knowledge stock and market share; and (iii) imperfect substitutability between goods,

which introduces demand-driven diminishing returns to relative knowledge — the firm’s knowl-

edge stock relative to the average knowledge stock. As firms face a downward-sloping demand

curve, expanding their volume of production relative to their competitors requires reducing their

2For a thorough summary see Naude (2020).
3Although this paper’s focus is on the product-line as this is the relevant unit for discussing aggregate productivity

growth, I use the term firm as a synonymous throughout the paper.
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relative price. This exerts downward pressure on the return to further market share expansion,

thus reducing the incentive to innovate and grow even larger.

A second related contribution concerns the firm-size distribution. Through the economic

mechanism illustrated above, I point to a novel source of stationarity, and I characterize its right

tail. As firms’ return to R&D investment, all else constant, declines in their level of relative knowl-

edge, this model gives rise to mean-reversion in relative knowledge (hence in size). In this way, it

introduces a force that prevents firms from perpetually growing bigger or shrinking. Furthermore,

as documented by Rossi-Hansberg and Wright (2007), the right tail of US firms and establishments

declines faster than the one of a Pareto or lognormal distribution. My model produces a firm-size

distribution arising from firms’ dynamic optimization that is non-degenerate and consistent with

this fact. As firms grow large, their R&D effort will tend towards zero, thus eliminating any possi-

bility of growing above a certain size. This mechanism creates an upper bound for firm sizes that

is manifested in a decline of the distribution’s right tail. Therefore, the shape of the distribution

depends on the parameters that regulate firms’ incentives to innovate and the speed of mean re-

version. That is, any parameter change that affects firms’ investment decisions would modify the

distribution’s right tail, turbulence, and the economy’s growth rate.

As a third contribution, I offer a take on the consequences of changing business dynamism

through a quantitative counterfactual analysis based on the model. The model calibrated on US

data suggests that the causes typically associated with changing business dynamism do not ex-

plain the productivity growth decline observed comparing the periods ’94-’04 to ’05’-’15. Instead,

in line with the data, these changes generate an increase in R&D without a proportional increase

in the aggregate productivity growth rate, which instead is mildly decreasing.

This result arises because an increase in factors that prevent entry (in my experiment, an in-

crease in the sunk entry cost) have two major effects. First, they increase the average market share.

Therefore, R&D rises because of a stronger cost spreading effect — namely the ability to spread

the cost of R&D on more units sold since knowledge is non-rival. Second, they shield poorly per-

forming firms from the competition of entrants that would force them to exit. As these firms are

small, their return to R&D is higher than their larger counterparts since they face a higher relative

price. But, as these firms are not very innovative, they expand their knowledge frontier by little,

thus having a negligible impact on aggregate productivity. Indeed, the reason why the growth
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rate of aggregate productivity does not rise is that the composition of firms in the market is differ-

ent. Specifically, there are fewer entrants and young firms — that on average have a higher ability

to innovate. Overall, even though there is more R&D on aggregate, firms that perform R&D tend

to be less innovative.

The final significant contribution is the framework, which allows studying entry, exit, churn-

ing, the number of goods, the firm-size distribution, and aggregate productivity growth jointly.

This paper merges the literature on firm dynamics with the endogenous growth literature, specif-

ically Hopenhayn (1992) and Peretto and Connolly (2007).

As in Hopenhayn (1992), the model delivers endogenously entry, exit, and firm dynamics.

These dynamics are driven by idiosyncratic shocks to which firms respond actively by adjusting

their size. Contrary to Hopenhayn, where the shock hits firms’ productivity, in my model, dif-

ferences in the productivity level arise endogenously as the outcome of firms’ R&D investment.

This deviation allows me to derive an endogenous aggregate productivity growth rate jointly de-

termined with the other moments of the model. The framework proposed by Hopenhayn is the

foundation of the firm dynamics literature reviewed in Hopenhayn (2014), which has recently

devoted much attention to resource allocation and aggregate productivity. By introducing en-

dogenous aggregate productivity growth, I contribute to advancing the research agenda put forth

by Restuccia and Rogerson (2017, p. 168). In their words: “[f]rom a modeling point of view, the

key issue is to extend the simple static model of heterogeneous producers [...] to a dynamic set-

ting that includes endogenous decisions that influence future productivity”, to “go beyond static

effects of misallocation, and focus on the potentially much larger dynamic effects.”

As in Peretto and Connolly (2007), the theory includes vertical innovation — cost reduction in

the production of existing goods — and horizontal innovation — development of new products —

where the former is the engine of long-run growth while the latter drives the equilibrium number

of goods. While that model focuses on the symmetric equilibrium, my model introduces an id-

iosyncratic shock to firms’ R&D outcome, thus delivering a non-degenerate firm-size distribution

and richer firm dynamics by giving rise to churning and allowing for simultaneous entry and exit.

Endogenous growth models with heterogeneous producers are not new. The intellectual foun-

dations were laid down in the field of industrial organization, specifically Ericson and Pakes

(1995). Notable examples of general equilibrium analyses that give rise to endogenous aggregate
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productivity growth date back to Thompson (2001) and Laincz (2009).4 Contrary to my work, the

former paper assumes away the economic diminishing returns to endogenous productivity, thus

removing any dependence of R&D on firm-specific market share. In my model, this is an im-

portant driver of turbulence, and an element that adds a feedback mechanism from the firm-size

distribution to R&D investment, therefore to aggregate productivity growth. Furthermore, my

paper introduces exit as an optimal stopping problem. Laincz (2009) delivers a tendency towards

monopoly countered only by technological diffusion from the industry leader to entrants. My

model, instead, obtains a non-degenerate distribution from assuming product differentiation, and

it is therefore complementary to Laincz’s model as the two frameworks describe different types of

market.

Finally, delivering a stationary and non-degenerate firm-size distribution has so far been a

tough theoretical challenge. Most models lack a force of attraction that can reproduce it. They

either require creative destruction from entrants to prevent firms from becoming too small or

an exogenous death shock that prevents the most successful firm from becoming too large and

monopolizing the market (Klette and Kortum, 2004; Acemoglu and Cao, 2015; Cao et al., 2017;

Acemoglu et al., 2018; Akcigit and Ates, 2019). My model, instead, features an internal mechanism

that generates this force of attraction, while the inclusion of entry and exit is unnecessary for

this purpose. Other models use knowledge spillovers that facilitate the growth of smaller firms

(Thompson, 2001; Laincz, 2009). Without dismissing the importance of entry, exit, and knowledge

spillovers, I point to an additional force that delivers a stationary, non-degenerate, and realistic

firm-size distribution.

2 A Model of Turbulent Growth

This section describes the model. Time is discrete. A monopolistically competitive intermediate

sector consists of a mass of firms that produce a unique good, sold to a perfectly competitive fi-

4The relevance of endogenous growth models with heterogeneous producers is corroborated by the proliferation
of studies, primarily based on Klette and Kortum (2004), that focus on understanding a variety of phenomena or
informing policy (Acemoglu et al., 2018; Mukoyama and Osotimehin, 2019; Akcigit and Kerr, 2018). These papers
motivate heterogeneity by pointing out that entrants and mature firms have different abilities to innovate. As a result,
heterogeneity plays a role through a selection effect only: parameter changes that affect the entry and exit rates modify
the average ability to innovate in the economy, thus R&D incentives, and growth. My model includes this aspect, but
it goes a step further as different firm-size distributions imply different incentives to innovate.
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nal sector that assembles them in a final good. The final sector distributes the final good to the

representative household for consumption, and to entrepreneurs for setting up new firms. Inno-

vation takes up two different forms: the technological depth is augmented by improving production

processes for existing goods; the technological breadth is expanded through the introduction of new

goods. Firms invest in R&D to lower their goods’ production cost and face an endogenous exit

decision at the end of the period. The presence of firm-level idiosyncratic uncertainty over R&D’s

outcome generates heterogeneity in firms’ productivity levels. New firms enter the market upon

payment of a sunk cost in units of output by introducing a new good. All the aggregate variables

evolve deterministically.

Households face a consumption/saving choice, along the lines of Bilbiie et al. (2012). Further-

more, they supply labor inelastically.

2.1 Households

The economy is populated by a representative household of size Lt = L0(1 + λ)t, where λ is

the population growth rate. The household is endowed with Lt units of labor that it supplies

inelastically. It makes decisions on how to allocate its income to consumption goods or saving at

each point in time.

The representative household maximizes its lifetime utility function,

max
{ct,st}∞

t=0

∞

∑
t=0

βtLt
c1−ϕ

t − 1
1− ϕ

, (1)

by choosing the sequence of per capita consumption in the final good, ct, and their saving in

a portfolio of stocks of real value st+1. ϕ > 0 is the inverse of the intertemporal elasticity of

substitution.

The household derives its income from the per capita real wage wt, and a return rt on the

portfolio of stocks, while it allocates this income to consumption and saving in the portfolio itself.

As in Bilbiie et al. (2012), the portfolio is managed by a risk-neutral manager who operates in

a perfectly competitive environment. It includes all firms that populate the economy and new

firms, whose entry cost is financed by issuing equity. This implies that the idiosyncratic risk is

diversified away, simplifying the problem. The household faces the following budget constraint
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expressed in real terms:

st + ctLt ≤ (1 + rt)st−1 + wtLt. (2)

Combining the first-order conditions, I obtain the Euler equation that governs the household’s

saving decision,

1 + rt+1 =
1
β

(
ct

ct+1

)−ϕ

. (3)

2.2 Final Sector

I now turn to the description of the economy’s production side, starting from the final sector

to derive the demand for each intermediate good. A perfectly competitive final sector sells the

final good to the household and to entrepreneurs who need it to finance the sunk entry cost. It

assembles the final good according to a CES aggregator:

Yt =

[ ∫ Nt

0
x

ε−1
ε

i,t di

] ε
ε−1

, (4)

given a real output Yt, made from units of the different intermediate goods xi,t, the only inputs.

Nt is the mass of goods, and ε > 1 is the elasticity of substitution across them. The price index is:

Pt =

[ ∫ Nt

0
P1−ε

i,t di

] 1
1−ε

, (5)

where Pi,t is the price of each good i.

The representative retailer maximizes his profits by supplying the household and potential

entrants with units of the basket of goods. The profit maximization yields the following demand

schedule for good i:

xi,t = Yt p−ε
i,t , (6)

where pi,t =
Pi,t
Pt

is the relative price.
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2.3 Intermediate Sector: Production, Innovation, Entry, and Exit

This subsection describes the intermediate sector of the economy. It consists of incumbents, en-

trants, and exiting firms.

At time t, the intermediate sector is populated by Nt firms with market power producing their

own unique good.

The demand schedule derived above implies a revenue per good of:

Pi,txi,t︸ ︷︷ ︸
Revenue

= PtYt︸︷︷︸
Market

size

p1−ε
i,t︸︷︷︸

Market
share

, (7)

which can be decomposed into market size and market share.5 The decomposition provides an

insight into the competitive process underlying the model. As ε > 1, firms can gain market

share at others’ expense by lowering their relative price. Additionally, two opposite forces affect

revenue per good: changes in aggregate spending, namely market size, and changes in the number

of producers, which dilute market shares. Market size is beyond the control of the firm, therefore

the only way to increase their revenue is for the firm to reduce price and steal market share from

others.

The following subsections describe, in turn, the decisions of incumbents and entrants.

2.3.1 Incumbents

Incumbents face a demand given by equation (6). They employ labor that is allocated to produce

the intermediate good, lxi,t , to cover the fixed costs of production Φ, and to produce knowledge

that reduces the future cost of production, namely to perform R&D, lZi,t . They maximize their

value, which is the present value of the stream of dividends, by choosing the optimal price, pro-

duction labor, R&D labor, and whether to exit the market or not.

For the sake of exposition, I break their optimization problem into a static and a dynamic

component to derive a cleaner Bellman equation as in other related works, such as Acemoglu

et al. (2018). The static component is a per-period dividend maximization, holding constant R&D

5By rearranging equation (7) to isolate p1−ε
i,t , one can observe that it equals the ratio of expenditure on good i and

total expenditure, the definition of market share.
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investment. This allows me to derive an optimal operating profit, conditional on the state, that can

be plugged into the Bellman equation. The dynamic component involves an investment decision

to maximize the firm’s value, with an option to exit the market if it turns negative.

This structure follows Peretto and Connolly (2007), except for returns to R&D that are uncer-

tain. When the investment decision is taken, the firm does not know precisely how much new

knowledge will be generated by the research effort. This idiosyncratic uncertainty generates het-

erogeneity in the knowledge stock across firms, and, consequently, in their productivity level.

Timing of Events

The timing of the events is the following: first, an incumbent firm observes its draw of the

parameter that determines the outcome of its past R&D investment, thus the realization of Zi,t, its

knowledge stock. Second, it hires labor to produce, invest in R&D, and cover its fixed cost; it picks

the price and sells its good. After that, it distributes dividends to the household.6 Finally, at the

end of the period, it decides to exit if its continuation value is negative.

Static Problem: Profits

In each period, dividends are given by

πi,t = pi,txi,t − wt(lxi,t + lZi,t + Φ). (8)

where lxi,t is labor allocated to production, and Φ is overhead labor. As mentioned above, to

simplify the exposition, I break down the firm maximization problem into a static and a dynamic

component. This is equivalent to firms maximizing dividends in each period by choosing how

much to produce and what price to charge, holding for the moment R&D labor, lZi,t , constant.

Following the literature, the production technology includes only productivity and labor, such

that:

xi,t = Zθ
i,tl

ν
xi,t

0 < θ, ν < 1, (9)

6As there are no liquidity constraints, a negative dividend would imply borrowing from the household through the
financial intermediary.

9



where Zi,t is the endogenous stock of knowledge possessed by firm i, and the parameter θ deter-

mines the returns to knowledge, or the extent to which production is knowledge-intensive.

The static maximization problem requires a choice of production labor, a price and a quantity

to maximize equation (8), subject to demand (6), and the production function (9). The first order

conditions yield a production labor demand of:

lxi,t =

[
ν

ε− 1
εwt

(
ytLt

Nt

) 1
ε

Zθ ε−1
ε

i,t

] ε
ε−ν(ε−1)

. (10)

Firms’ production labor demand is increasing in the productivity level, Zθ
t , and decreasing in

wage. It increases with the overall spending on final goods and declines in the number of goods.

In other words, it increases in market share.

A labor demand schedule as in (10) implies a price of:

pi,t =
ε

ε− 1

wtl1−ν
xi,t

νZθ
i,t

. (11)

This optimal pricing strategy involves charging a constant markup over marginal cost. Moreover,

the marginal cost is a function of production labor, as diminishing returns to production labor

are present. Importantly, firms can reduce their relative price by improving their technological

knowledge.

As anticipated earlier, from equation (7), reducing the relative price, thus gaining market share,

is the only way for firms to increase their revenue. Therefore, equation (11) illustrates the funda-

mental way in which competition occurs: by accumulating technological knowledge faster than

the rate of wage growth, firms can lower their relative price and steal market share from competi-

tors. In other words, firms have an incentive to innovate because they can gain market share at

the expense of others, and increase their revenue as a result.

Substituting (10) and (11) into equation (8) and using equation (9), dividends can be re-expressed

as a function of Zi,t, and lZi,t only.

Heterogeneity and Dynamics: Firm Value Maximization and Exit Decision

Here, I present the dynamic problem of the firm. Each firm makes an investment decision to
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increase their future knowledge, thus reducing their production cost. The outcome of the R&D in-

vestment is subject to idiosyncratic uncertainty, driving heterogeneity in firms’ productivity level.

Firms increase their future stock of knowledge through R&D investment. Following Peretto

and Smulders (2002), the R&D technology is:

Zi,t − Zi,t−1 = αi,tZ
µ
i,t−1K1−µ

t−1 lζ
Zi,t−1

, (12)

0 < µ < 1 is a parameter that regulates the private and social returns to knowledge, αi,t > 0 is

the firm-specific productivity of R&D, and Kt is the knowledge spillover, namely, the element that

captures the partial non-excludability of knowledge, and the consequent ability of firms to make

use of knowledge acquired by others. It takes up the following form:

Kt =
1

Nt

∫ Nt

0
Zi,tdi ≡ Zt. (13)

An R&D technology of this kind captures four important elements. First, new knowledge is

a function of the existing stock of knowledge due to its cumulative nature, i.e. new knowledge

builds on existing knowledge. The linearity is the simplest and most tractable specification in

which knowledge is the factor that drives long-run exponential growth at a constant rate.7

Second, only the firm that produces good i possesses the expertise to improve that line of pro-

duction, based on the idea that a large driver of innovation is firm-specific in-house technology,

widely documented empirically (Dosi, 1988; Garcia-Macia et al., 2019). Therefore, R&D is per-

formed in-house, implying that firms know what product-line they are improving upon when the

investment decision is taken. The presence of this element is necessary to deliver the scale depen-

dence in growth rates that generates the mean reversion that produces churning and makes the

firm-size distribution stationary.

Third, in line with empirical evidence (Laincz and Peretto, 2006; Ha and Howitt, 2007; Mad-

sen, 2008), the spillover occurs from average knowledge and does not increase with the number

of different goods produced in the economy. This specification incorporates the idea that the tech-

nological distance between lines of research increases as the product market grows larger, thus

7Peretto (2018) provides a generalization that allows for new knowledge to exhibit increasing returns in the existing
stock of knowledge.
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diluting away the knowledge spillover and eliminating the scale effect, as shown in previous

works (Peretto, 1998; Dinopoulos and Thompson, 1998; Young, 1998).

Fourth, the firm-specific shock αi,t follows an AR(1) process:

log αi,t = (1− ρ) log α + ρ log αi,t−1 + ξi,t, ξi,t ∼ N(0, σξ)

0 ≤ ρ < 1
(14)

where ξi,t is the draw and σξ its standard deviation. The idiosyncratic productivity shock is the

only unknown variable to the firm manager when the investment decision is taken, in line with

empirical evidence (Doraszelski and Jaumandreu, 2013). This is the fundamental source of het-

erogeneity in this model.

At the beginning of each period, after observing the draw, each firm invests to maximize its

value:

max
{lZi,t+h ,Zi,t+1+h}∞

h=0

Vi,t = πi,t(lZi,t , Zi,t) + max
{

Et

∞

∑
h=1

h

∏
q=1

1
1 + rt+q

πi,t+h(lZi,t+1 , Zi,t+1), 0
}

(15)

Future profits are discounted using the risk-free interest rate r, which is determined by the

representative household’s time preferences.

The dynamic optimization can be re-expressed as a Bellman equation:

V(Zi,t, αi,t) = max
{lZi,t}

{
πi,t(Zi,t, lZi,t) +

1
1 + rt+1

max{EtV(Zi,t+1, αi,t+1), 0}
}

(16)

constrained by the knowledge accumulation equation (12).

2.3.2 Entry: Creation of New Goods

I now turn to the description of the entry decision. Entry occurs as long as the present value of the

expected stream of dividends exceeds the sunk cost of setting up a firm.

Entrants issue equity to finance the cost of entry. The payment of the sunk cost is in units of

output.

When taking the entry decision, entrepreneurs know that their knowledge level in the follow-

ing period will be drawn out of a lognormal distribution (as the firm size distribution is skewed
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in the data) around the average knowledge level in the economy. Entry knowledge is given by:

Zd
t+1 ∼ Lognormal(χZ, σE

Z)Zt+1. (17)

Entrepreneurs will also draw their initial R&D productivity from:

αd
t+1 ∼ Lognormal(χα, σE

α ). (18)

The distribution is lognormal as entrants display skewness in their employment growth rates

(Decker et al., 2016).

As all potential entrants draw from the same distributions, their value is the same. Given an

expected initial level of productivity and productivity of R&D, there is entry at time t as long as:

vE
t = EtV(αd

t+1, Zd
t+1) ≥ Zθ

t N
1

ε−1
t fE, (19)

where the right side of the inequality is the entry cost made up of a fixed component fE and of

the technological depth, Zθ
t , and breadth, N

1
ε−1

t , of the economy. This specification has a practical

purpose: in a growing economy, the entry cost must scale with everything else. Otherwise, as the

economy grows richer, setting up new firms would become cheaper, introducing a trend in the

entry rate which would be counterfactual. The specification presented here is the simplest one

consistent with this property, but not the only one that can deliver it. The idea captured by this

specification is that with an increase in the sophistication of the production techniques and of the

variety of goods available, the capital required to set up a firm increases proportionally.

Firms set up at time t face the same problem as incumbents in period t + 1.

2.4 Equilibrium

The equilibrium of the model is defined by:

• a wage wt, interest rate rt and price index (5) that firms and the household take as given;

• a demand function (6) from the final sector for the intermediate goods;

• a labor supply Lt, and a demand function for production, overhead and R&D labor;
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• an Euler equation (3) for the representative household;

• the free entry condition (19);

• a law of motion of firms:

Nt+1 = Nt + NEt − NXt ; (20)

• a value function V(Zi,t);

• and a distribution Γt(zt) of relative knowledge, zi,t, where zi,t =
Zi,t
Zt

,

such that the following conditions hold.

First, the interest rate adjusts to guarantee that the value of the portfolio held by the household

equals the aggregation of the value of all firms:

st =
∫ Nt−NXt

0
vi,tdi +

∫ NEt

0
vE

i,tdi. (21)

Second, exploiting equation (5), the prices for each variety are such that they guarantee goods

market-clearing:

Yt = ctLt + Zθ
t N

1
ε−1

t fENEt . (22)

Third, the wage adjusts to ensure that quantity of labor demanded by each firm for each activ-

ity equals its inelastic supply:

Lt =
∫ Nt

0
(lxi,t + lZi,t)di + ΦNt. (23)

2.4.1 Steady State

I solve the model for the stationary steady state equilibrium numerically. I present the stationar-

ized version in appendix A. Appendix B includes a description of the algorithm used to solve the

model.

There exists a time-invariant distribution of firms over relative knowledge Γ(z) in steady state

that is unique given any initial distribution. The following section describes the forces that make

this distribution unique and stationary.
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Before introducing output growth, it is useful to define relative (to the arithmetic average)

knowledge

zi,t =
Zi,t

Zt
, (24)

and the number of firms per capita

nt =
Nt

Lt
, (25)

which is also the inverse of average firm size and remains constant in steady state, where Nt/Nt−1 =

1 + λ. For this class of models, the stationarity of average firm size is discussed in Peretto and

Connolly (2007). The basic insight is that as population increases, the market size gets higher, thus

increasing operating profits. Larger profits stimulate entry. Entry drags down the average market

share, restoring the orginial profit level at the original average firm size.

Furthermore, to simplify the notation, define productivity as:

Ai,t = Zθ
i,t. (26)

Aggregate Productivity Level

From the CES aggregator given by equation (4) and the production function in equation (9), I

can express real output per capita as:

Yt

Lt
= N

1
ε−1

t︸ ︷︷ ︸
Tech.

breadth

At︸︷︷︸
Tech.
depth

{
1

Nt

∫ Nt

0

[
(Si,tNt)

ν ai,t
] ε−1

ε di
} ε

ε−1

︸ ︷︷ ︸
Allocative
efficiency︸ ︷︷ ︸

Aggregate productivity

Lxt

Lt

(
Lxt

Nt

)ν−1

︸ ︷︷ ︸
Production effort

, (27)

where Si,t is the production labor share for firm i. Output per capita can be thought of as a com-

bination of productivity and resources devoted to production. The latter element depends on the

total fraction of labor devoted to producing units of the intermediate goods — where Lxt denotes

aggregate production labor —, and on the average firm size due to the presence of diminishing

returns to production labor. I focus on this model-consistent definition of aggregate productivity

because, as the ultimate interest of any analysis on economic growth is the increase in household’s
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utility, the relevant unit to consider is the output of the final good — which partly goes to con-

sumption — and the effort exerted to produce it. Other definitions of productivity correlate with

this one.

Importantly, all terms that make up the aggregate productivity level are endogenous and de-

pend exclusively on a vector of relative knowledge levels zt and R&D productivity αt.

A contribution of this paper is to decompose the aggregate productivity level into various fac-

tors that can be linked to firm-level productivity. Due to non-linearities, the dispersion in produc-

tivity levels and firm sizes is manifested in the aggregate productivity level. This decomposition

shows explicitly how. Aggregate productivity includes three different elements. N
1

ε−1
t is the love

of variety effect implied by the CES aggregator. This arises out of product differentiation and a

preference structure that rewards a larger variety of goods in the market.

The second term describes the technological depth of the economy, and it corresponds to the

average productivity across firms, defined as:

At =
∫ Nt

0
Si,t Ai,tdi, (28)

As I will clarify later, this definition of average productivity is useful to understand the role that

heterogeneity plays in shaping the aggregate productivity level. Coincidentally, this definition

is the one commonly adopted in empirical studies (Foster et al., 2001; Melitz and Polanec, 2015).

While in those papers the choice is arbitrary, this model offers a theoretical justification for it, but

at the same time it points out its limitations by making explicit the role of higher order moments

of the relative productivity distribution.

Finally, the last term shows that aggregate productivity depends on the distribution of weighted

firm relative productivities, as:

ai,t =
Ai,t

At
. (29)

This element describes the allocative efficiency of the economy. The distribution of individual

productivities matters for aggregate productivity for two reasons, both having to do with aggre-

gation. First, the CES aggregator is a power mean, which is altered by the firms’ relative produc-

tivity distribution. Furthermore, the presence of diminishing returns in production interferes with
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the weights (here expressed as the labor share scaled by Nt). To understand why this term is tied

to the distribution of productivities and labor share, it is useful to notice that equation (28) can be

re-expressed as: ∫ Nt

0
Si,tai,tdi = 1. (30)

The term labeled allocative efficiency above would therefore equal 1 under a symmetric equilibrium,

or in a model with additive aggregation of goods and a production function linear in labor. It

follows that the term in bracket in equation (27) shows the contribution of the higher moments of

the productivity and firm-size distributions to the aggregate productivity level.

Aggregate Productivity Growth Rate

I now shift the focus to the growth rate of aggregate productivity, which, together with the

population growth rate, determines the growth rate of output per capita in the long-run.

Proposition 1 Under a time-invariant distribution of relative productivity levels, the long-run growth

rate of aggregate productivity is a function of population growth and of the growth rate of the arithmetic

average of firms’ productivities.

Proposition 1 highlights the sources of long-run growth. Its dependence on population growth

is important in the context of studying the effects of slower labor force growth, which, as shown

later, can explain the entire decline in the net entry rate. Its dependence only on the first mo-

ment of the aggregate productivity distribution ensures that firm-level productivity changes are

the only relevant factors to consider in steady state. As long as the focus is on the steady state

where the firm-size distribution is time-invariant, there is no concern over the aggregation of firm

productivity increases.
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The proposition can be expressed in a mathematical form starting from equation (27):

1 + gproductivity =

[
nt(zt, αt)

nt−1(zt−1, αt−1)
(1 + λ)

] 1
ε−1

︸ ︷︷ ︸
semi-endogenous

(1 + gA
t (zt−1, αt−1, αt))︸ ︷︷ ︸

average productivity
1

Nt

∫ Nt
0

[
(Si,tNt)

ν ai,t
] ε−1

ε di

1
Nt−1

∫ Nt−1
0

[
(Si,t−1Nt−1)

ν ai,t−1
] ε−1

ε di


ε

ε−1

︸ ︷︷ ︸
change in the distribution

, (31)

This expression resembles the one in Peretto and Connolly (2007), with the addition of the last

term, which depends on heterogeneity in productivity levels and labor shares. The semi-endogenous

component depends only on population growth in steady state as the average firm size is station-

ary. This term is sometimes referred to as expanding variety, and it emerges from the CES aggre-

gator, which rewards a higher number of goods. gA
t is the growth rate of average productivity

between t− 1 and t, and it will be the focus of the remainder of the paper. Finally, the last term

signals that aggregate productivity growth is dependent on changes in the distribution of rela-

tive productivity. Nevertheless, given a time-invariant distribution in steady state, the long-run

growth rate of aggregate productivity is determined exclusively by the first two terms, while the

last one is relevant along the transition, an exploration left for future research.

I now turn to showing the model’s calibration before moving on to discuss the results of the

paper.

2.5 Calibration

This subsection presents the calibration. The model is calibrated up to 1999, the period around

which business dynamism starts changing more rapidly.

Externally Calibrated Parameters

I rely on external targets to match some parameters. These externally calibrated parameters

are summarized in table 3. The labor force growth rate, λ, for the US from 1977 to 1999 is 1.8%. The

parameter η is set to 0.55 to match the return to labor in R&D in the US based on NSF data (Mand,

2019), while ν, which determines the returns to labor in production, is set to 0.7, following Lee and
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Mukoyama (2015), whose estimations of establishment-level productivity are also used to target

the relative productivity of entrants of 0.75. β = 0.995 is selected to match, considering a growth

rate of per capita consumption between 2.5% and 3%, a real rate of return of approximately 6.5%

common in the literature (Akcigit and Ates, 2019). I further set ε = 6 to match a markup over

marginal cost of 20% and the elasticity of intertemporal substitution in consumption 1/ϕ = 0.5,

standard in the literature and in line with empirical estimates (Crump et al., 2015).

Hall et al. (2010), who review the literature on the returns to R&D, report a widely different

ratio of social to private returns to R&D in the various estimations performed over the years. The

only consensus seems to be that social returns are substantially larger than private returns. In line

with Bloom et al. (2013), I target a ratio of social returns to private returns to knowledge of about

2.6, which requires µ = 0.28.

Table 1: Externally calibrated parameters

Parameter Symbol Target
Labor force growth λ 1.8%

Returns to R&D labor η 0.55%
Returns to production labor ν 0.7

Discount rate β real interest rate: 6.5%
Intertemporal elasticity of substitution 1/ϕ 0.5

Elasticity of substitution between goods ε 20% markup
Relative knowledge of entrants χz relative productivity: 0.75

Returns to knowledge µ Social to private returns to knowledge: 2.6

Internally Calibrated Parameters

The remaining parameters jointly determine the other targeted moments implied by the model.

Some moments are particularly informative of the size of these internally calibrated parameters.

The steady state entry and exit rates depend largely on the productivity of R&D of incumbents

relative to entrants. χα almost uniquely determines the average productivity growth of entrants, a

moment that Huergo and Jaumandreu (2004) estimate to be 5% for Spanish manufacturing firms in

selected industries in the period. fE is chosen to match the entry rate of new establishments, which,

according to US Census data, averaged 13.4% between 1977 (the starting year of the series) and

1999. Moreover, the parameter σE
α , which regulates the dispersion of the initial draw of the average
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productivity of R&D of entrants, is picked to match the average exit rate, 20.8%, of establishments

younger than one year in the US in the same period.

Equation (23) shows that the parameter Φ affects the average size of establishments, which

averages approximately 16.75 in the US from 1977 to 2014, implying nt = 0.0597 in steady state.

Table 2: Internally calibrated parameters

Parameter Symbol Value
Entrant’s mean R&D productivity log χα -10.45

Standard deviation entrants’ R&D productivity σE
α 4.76%

Fixed operating cost Φ 5.1
Fixed entry cost fE 2.72

Shock persistence ρ 0.721
R&D productivity log α -10.45

St. dev. relative knowledge startups σE
Z 1.3

St. dev. draw of R&D productivity shock σξ 2.901
Returns to knowledge in production θ 0.1259

The parameters ρ and σα in addition to α affect the average productivity of R&D of incum-

bents in the economy. I target an average productivity growth rate of establishments of 3%, in

line with the aforementioned estimate of Huergo and Jaumandreu (2004). Although this moment

is computed from a sample of Spanish firms in selected R&D performing industries in the ’90s,

the aggregate growth rate implied by the model calibrated this way is very similar to the one of

the IT sector in the US in the same period shown in Byrne et al. (2016), and also to the one of US

R&D performing industries. At the same time, the combination of these three parameters regu-

lates the extent to which productivity improvements are expected or unexpected at the time of

undertaking the investment, and the persistence of sales growth rates. I rely on Doraszelski and

Jaumandreu (2013), who estimate the ratio of the variance of the unexpected component of pro-

ductivity change and the variance of the change in productivity for the same sample of Spanish

manufacturing firms. As their estimates vary by industry ranging from 25% to 75%, I use a value

of 31%, which is one standard deviation below the average across those industries to be conser-

vative. Given this variability across industries, I choose to be conservative in this case, to avoid

overattributing job reallocation to the process of technological knowledge creation. The target for

the average autocorrelation of sales growth rates is instead 0.2, which is the post-war average for

the US economy (Dosi et al., 2019). The standard deviation of relative knowledge for entrants is
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calibrated to match the ratio between the standard deviation of employment for startups and their

standard deviation the following year. In the US economy, this value is 1.02 (Sterk et al., 2021).

Finally, the parameter θ determines the degree of knowledge intensity of economic activity,

affecting the returns to R&D. I use the R&D to GDP ratio, which is 2.4% up to the late ’90s.8

Table 3: Targets for internally calibrated parameters

Parameter Source Value
Average plant size BDS 16.75

R&D to GDP NIPA 2.4%
Entry rate BDS 13.4%

Startup’s exit rate BDS 20.8%
Unexpected vs expected ∆Ai Doraszelski and Jaumandreu (2013) 31%

Average growth rate Huergo and Jaumandreu (2004) 3%
Persistence growth rates Dosi et al. (2019) 0.2

St. dev. employment 2-years to 1-year firms Sterk et al. (2021) 1.02%
Average growth entrants Huergo and Jaumandreu (2004) 5%

Non-targeted Moments

Table 4 summarizes some relevant non-targeted moments. These moments are the ones that

will be discussed in the quantitative exercise about causes and consequences of changing business

dynamism.

I compare the labor productivity growth rate to the one for the US in R&D performing indus-

tries during the period ’91-’99, which coincides to the period considered for the targeted moments

on firm-level growth.9 This calibration is the only one in the literature that does not use a measure

of aggregate growth as a target. However, this value reproduced by the model is very close to the

analogous one observed in the data.

Job reallocation has potentially different causes, among which the one explored in this paper,

namely, variability in firms’ R&D investment decisions and outcomes. Growth rates exhibit long

8In the model, the R&D to GDP ratio requires a definition of GDP. I obtain it starting from equation (2):

wt

∫ Nt

0
lZi,t di︸ ︷︷ ︸

R&D

+ ctLt︸︷︷︸
Consumption

+ Zθ
t fE NEt︸ ︷︷ ︸

Investment

=
∫ Nt

0
πi,tdi + wt

∫ Nt

0
lZi,t di︸ ︷︷ ︸

Operating Profit

+ wtLt︸︷︷︸
Labor

≡ GDPt. (32)

9Labor productivity is obtained in the data by dividing the total of net sales in R&D performing industries to the
total of employment in the same industries, and the GDP deflator.
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left and right tails. In this model, only the right tail is present because employment depends exclu-

sively on productivity and the maximum rate at which firms can lose productivity is the aggregate

growth rate since no knowledge regress is conceived. As differences in R&D investment and out-

come are only one of the factors that drives job reallocation, looking at this non-targeted moment

can shed light on how quantitatively important this process is. Additionally, the conservative

calibration of the R&D productivity shock’s variance increases confidence that job reallocation is

at least not overestimated. The model explains slighly above half of the job reallocation rate ob-

served in the US data in the period 1977 to 1999. The takeaway is that differences in the ability to

innovate are an important driver of job reallocation across firms.

When it comes to the process of entry and exit, the model performs well in terms of produc-

tivity, but less well in terms of employment. The relative productivity of entrants is exact because

it is a targeted moment, while the relative productivity of exiters is almost the same as it is over-

estimated by only 3%. The relative employment levels of entrants and exiters are overestimated

respectively by approximately 30% and 15%. This can introduce a bias on the reallocation rate,

and indeed this is what happens. For this reason, in the quantitative exercise I focus on match-

ing changes in the reallocation rate across incumbents rather than on the reallocation rate for the

whole economy.

Finally, the firms’ growth rates are negatively correlated with size, in line with the data. A

quantitative estimation of this and a comparison with empirical estimates is offered in appendix

C.

Table 4: Relevant Non-targeted Moments

Moment Model Data
Reallocation rate 28% 30.6% US Census

Reallocation rate (cont.) 10.5% 18.4% US Census
Share Reall. explained (cont.) 57% 100% US Census

Lab. productivity growth 3.8% 3.6% NSF
Mean productivity exit 0.66 0.64 Lee and Mukoyama (2015)

Rel. emp. entrants 0.77 0.6 Lee and Mukoyama (2015)
Rel. emp. exiters 0.57 0.49 Lee and Mukoyama (2015)
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3 Sources of Firm Growth, Churning, and Stationarity

As discussed in Proposition 1, the economy’s growth rate depends on changes in firms’ productiv-

ity levels. Moreover, focusing on firm growth is relevant to understanding what causes churning

and drives the firm-size distribution’s stationarity. I illustrate the exact relation between firm

growth rates and aggregate growth rates in the appendix.

This section is devoted to showing the sources of churning and the stationarity of the dis-

tribution of firms over the state variable, relative knowledge, and the exogenous shock, R&D

productivity. Furthermore, it illustrates how life cycle dynamics arise.

Churning arises whenever there are differences in growth rates across firms, which lead to

movements within the relative productivity and firm-size distributions. These movements are

due partly to the realization of the shock and partly to firms’ decision rules. The first subsection

covers this in detail.

The existence of a non-degenerate, stationary, ergodic distribution is a related issue. The ex-

ogenous shock evolves according to a stationary process by assumption. Nevertheless, one would

need to verify that differences in growth rates are not such that larger firms grow faster than

smaller ones, thus manifesting a tendency towards monopoly.

The first subsection discusses the forces that drive differences in growth rates across firms of

different relative sizes. The second subsection presents the phase diagram that illustrates the con-

vergence process of each firm. The third subsection illustrates the firm-size distribution generated

by the model.

3.1 Growth Rate Differentials

In what follows, I show the sources of growth rate differentials across firms, which cause churn-

ing. Additionally, I show that expected growth rates are strictly decreasing in relative knowledge

conditional on R&D productivity, which drives the stationarity and non-degeneracy of the distri-

bution.

By using the approximation gAi
t+1 ≈ θgZi

t+1, I can derive the ratio of growth rates of two arbitrary
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firms from equation (12) after plugging in the optimal lZ value:

gAi
t+1

g
Aj
t+1

≈
αi,t+1zµ−1

i,t

αj,t+1zµ−1
j,t

[
lZi,t(zi,t, Etαi,t+1)

lZj,t(zj,t, Etαj,t+1)

]ζ

. (33)

This ratio is affected by three elements: the realized R&D productivity, the initial relative

knowledge level, and the R&D effort exerted by the firm. The first obvious source of churning

is the realization of the R&D productivity shock. I refer to this as unsystematic churning. Note that

all the remaining sources of churning create differences in the expected productivity growth rates.

I refer to differences in expected productivity growth rates as systematic churning. As the R&D

effort is a function of relative knowledge and expected R&D productivity, the expectation of the

growth rate differential at time t + 1 depends exclusively on the state variable and the exogenous

shock. A variety of elements affect this expectational growth rate differential. I discuss them in

sequence.

First, the term zµ−1 suggests that for any given R&D investment and expectation of R&D pro-

ductivity, the growth rate declines in relative knowledge, as the private returns to knowledge

µ < 1. This effect is driven by the knowledge spillover, which operates as a force of attraction:

firms above the average knowledge level will be dragged down in relative terms by the spillover,

while firms below the average knowledge level will be lifted up by it. The larger the firm, the

larger the R&D productivity and investment required to balance this force of attraction. The pres-

ence of private returns to knowledge partially offsets this effect by facilitating the accumulation of

knowledge for those firms that already possess more of it.

Second, R&D is a function of relative knowledge. A necessary condition to deliver this de-

pendence is that the innovator must know in advance what product-line they will improve when

taking the investment decision. However, this condition is absent in several growth models. In

this framework, firms perform R&D in-house, in line with empirical evidence (Dosi, 1988). There-

fore, firms consider their relative productivity level — and consequently, their market share —

when investing.

R&D’s dependence on relative knowledge and R&D productivity can be analyzed by consid-

ering the ratio of R&D investment for two arbitrary firms. Differentiating the detrended Bellman

equation with respect to lZi,t for firms that do not exit the market at time t, one can derive an

24



0 2 4 6 8 10 12 14

Relative Knowledge: z
i,t

=Z
i,t

/Z
t

-20

0

20

40

60

80

100

F
ir
m

 V
a

lu
e

i,t
=1sd below mean

i,t
=mean

i,t
=1sd above mean

i,t
=2sd above mean

Figure 1: Value functions for selected R&D productivity levels.

expression for this ratio:

lZi,t

lZj,t

=

Et[αi,t+1]z
µ
i,t

∂EtV(zi,t+1,αi,t+1)
∂Etzi,t+1

Et[αj,t+1]z
µ
j,t

∂EtV(zj,t+1,αj,t+1)
∂Etzj,t+1

 1
1−ζ

. (34)

As equation (34) shows, R&D effort is not equal across firms. Conditional on relative knowledge,

firms with a higher expected R&D productivity will invest more. The dependence on relative

knowledge is instead a more complex one. Relative knowledge shows up due to two forces: the

ability to internalize their knowledge in R&D and the gain in expected value that more knowledge

can achieve.

Figure 1 shows the shape of the value function for selected R&D productivity levels, which is

increasing at a diminishing rate. The slope of the value function declines in relative knowledge

even though both the production and the R&D technology allow for increasing returns in the

private factors of production. Importantly, diminishing returns to size originate from the demand

side through a mechanism that resembles the one emphasized in a different context by Acemoglu

and Ventura (2002). Firms that gain more technological knowledge relative to others increase

their volume of production. By producing more, they however face a lower price as product

differentiation ensures that firms face a downward sloping demand curve. This price reduction is
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in turn responsible for dragging down the return to further knowledge accumulation. As a result,

incentives to innovate decline as firms grow larger relative to others.

The concavity of the vale function has an additional effect since the incentive to innovate is a

function of the slope of the expected value function. This concavity creates a Jensen’s inequality

between the expected value of the product-line and the value of the expectation. Jensen’s inequal-

ity is stronger where the curvature is more pronounced, i.e., for small firms and firms with a high

R&D productivity since they can expect a larger change in knowledge. Instead, it weakens as the

curve flattens out.

Finally, private returns to knowledge increase the incentive to innovate for firms that possess

more of it.

The three listed effects deliver a dependence of R&D investment on relative productivity, as

illustrated in figure 7 in the appendix. As relative knowledge (therefore productivity) tends to

infinity, the value function flattens, and the only relevant effect is the direct effect of diminishing

returns, implying that R&D tends to 0.

As shown in figure 2, larger firms grow in expectation slower everywhere, conditional on

R&D productivity. The R&D investment differential across firms with the same expected R&D

productivity reinforces the growth rate differential for large firms while having an ambiguous

effect on small ones.

The following subsection explores the convergence process in further detail by considering the

state variable and the exogenous shock jointly and focusing on entry and exit.

3.2 Mobility and Stationarity

I now show the individual firm’s expected convergence process that gives rise to the stationary

distribution over the state variable and the exogenous shock. I also show the distribution of firms

over the state-space. I will finally make some more general considerations about the nature of

aggregate productivity growth as a process influenced by the product life cycle.

Figure 3 illustrates the phase diagram that describes this convergence proces by showing the

expected evolution of firms over relative productivity and R&D productivity. The LL locus shows

the long-run expectation of the exogenous AR(1) process that characterizes the evolution of R&D
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productivity.

The convergence process over relative productivity can be understood by analyzing the R&D

technology in realization for surviving firms given by equation (12), combined with the policy

function, which can be rearranged to yield:

ai,t+1(zi,t+1)

ai,t(zi,t)
=

(1 + αi,t+1zµ−1
i,t lZi,t(αi,t, Etαi,t+1, zi,t)

ζ)θ

1 + gA
t+1

. (35)

At this point, it is possible to construct a locus over ai,t, αi,t+1, and αi,t, along which the relative

productivity level remains constant over time. I call this the no-churning locus. Nevertheless, it is

more useful to define the no-churning locus in only two dimensions, namely the combination of

ai,t, and αi,t for which relative productivity remains on average, or in expectation, constant over time.

That implies a no-churning locus given by:

1 + gA
t+1 = Et(1 + αi,t+1zµ−1

i,t lZi,t(αi,t, Etαi,t+1, zi,t)
ζ)θ . (36)

For any R&D productivity level, and conditional on survival, convergence to the no-churning

locus requires firms’ growth rates to decline in relative productivity. Figure 2 from the previous
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subsection shows the relationship between surviving firms’ average growth rate for selected initial

R&D productivity levels and relative productivity. The no-churning locus shows the values of

relative productivity and R&D productivity at which growth rates are equal across firms.
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Figure 3: Phase diagram and firm density over the state variable and the exogenous shock. The no-churning
locus represents the combination of relative productivity and R&D productivity for which the firm’s ex-
pected growth rate equals the growth rate of average productivity. The LL locus shows the long-run ex-
pectation of R&D productivity. The exit locus shows the combination of relative productivity and R&D
productivity below which the firm exits the market. The figure also shows the distribution of firms simu-
lated using the model as the data generating process.

As the problem is stochastic, firms are never on the no-churning locus. Therefore, growth rates

are not equalized at each point in time, but only on average. Firms below it will grow at a faster

rate than average productivity and vice-versa. Furthermore, as figure 3 shows, the no-churning

locus is upward sloping, implying that a higher relative productivity level requires a higher R&D

productivity to avoid shrinking. This positive slope illustrates that firms with a persistently higher

ability to innovate will eventually manifest it in their size and not in their growth rate.

Proposition 2 If productivity growth rates conditional on the R&D productivity level exhibit negative

scale dependence and if the idiosyncratic R&D productivity level evolves stochastically, at least some firms

are away from their long-run relative productivity level at any time, generating churning endogenously in

the form of mean-reversion.

Proposition 2 expresses that, although firms tend endogenously towards the no-churning locus,
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the shock disrupts their position in the state-space in every period. The resulting systematic churn-

ing is a manifestation of mean reversion. This is one of the key results of the paper: churning,

hence turbulence, arises endogenously as the result of firms’ optimization.

Aggregate productivity growth and turbulence are manifestations of the same process: firms’

competing for market share to maximize their value. Because market share is gained by improving

technological knowledge through R&D, aggregate productivity increases. Because the marginal

value of gains in market share varies depending on current market share, incentives to perform

R&D change with relative size, giving rise to turbulence.

Turbulence is driven also by entry and exit. The following subsection explores these processes.

3.2.1 Entry and Exit: The Firm Life-Cycle and Gradual Creative Destruction

The presence of entry and exit does not disrupt the stationarity of the distribution, but it intro-

duces selection effects. Indeed, the process of entry and exit is the one described in Hopenhayn

(1992). The crucial difference with Hopenhayn’s model is that, in this case, firm productivity

evolves endogenously. In what follows, I show that selection has two relevant implications: first,

it endogenizes the cross-sectional average of the exogenous process as firms with low levels of

R&D productivity exit the market. Second, it introduces an expected life trajectory for each firm.

Figure 3 includes an exit locus. This locus is an absorbing barrier: firms whose levels of relative

productivity and R&D productivity lie below that curve have a negative continuation value and

exit at the end of the period. Unlike models of firm dynamics, as the firm’s value depends on the

endogenous state variable, the distribution over productivity does not have an abrupt truncation

but a smoother left tail.

The first first implication of endogenous exit emerges from the same figure, which shows the

firms’ distribution over relative productivity and R&D productivity. R&D productivity’s cross-

sectional average is higher than its unconditional expectation depicted on the LL locus. This in-

equality arises because exiting firms have, on average, a lower R&D productivity. Furthermore,

with this calibration, entrants have a higher R&D productivity than incumbents. Thus entry in-

creases the R&D productivity’s cross-sectional average even further.

In turn, the disconnect between the R&D productivity cross-sectional average and the indi-

29



vidual firm’s time average implies that each firm has an expected finite life. Figure 4 shows the

expected life trajectory of three selected entrants that differ in their initial R&D productivity draw.

All firms expect to converge to the exit locus eventually.

These dynamics highlight the relevance of the firm life-cycle for the growth process. Further-

more, they illustrate the nature of creative destruction as a gradual process. Given the calibration

presented earlier, surviving entrants tend to have a higher ability to innovate than incumbents.

They do not directly replace incumbents, but they gain relative productivity over time, stealing

their market share. As a result, less innovative firms keep losing ground until they exit the market

when their relative productivity level is low enough to make them unprofitable.
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Figure 4: Phase diagram over the state variable and the exogenous shock. The no-churning locus represents
the combination of relative productivity and R&D productivity for which the firm’s expected growth rate
equals the growth rate of average productivity. The LL locus shows the long-run expectation of R&D
productivity. The exit locus shows the combination of relative productivity and R&D productivity below
which the firm exits the market. The figure also shows the expected life path of three startups that differ in
their initial R&D productivity draw.

3.2.2 Firm-Size Distribution

A contribution of this paper is to describe the forces that reproduce endogenously the shape of the

firm-size distribution observed in the data.

Figure 5 plots the firm-size distribution in logarithmic scale compared to a Pareto distribution.
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The distribution shape resembles the one observed in the data shown in figure 1 of Rossi-Hansberg

and Wright (2007). In particular, the firm size distribution resembles a Pareto distribution except

for very small and very large firms, the left and right tails, respectively.

Deviations from a Pareto distribution on the right are the automatic consequence of negative

scale dependence (Rossi-Hansberg and Wright, 2007). The most successful firms become very

large through a series of positive shocks and R&D. Eventually, their R&D would decline, tending

towards zero due to the mechanism that drives scale dependence illustrated above. As R&D tends

towards zero, the probability that these firms can maintain their size tends to zero while the rest

of the economy grows.

Deviations from a Pareto distribution on the left are the result of small firms exiting the market.
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Figure 5: Comparison between a counter cumulative distribution function (in logarithmic scale) for the firm
sizes generated by the model and for a fitted Pareto distribution. The observations generated by the model
are aggregated into 30 bins.

4 Consequences of Changing Business Dynamism

What consequences do changes in business dynamism entail for aggregate productivity growth?

This section tackles this question. Business dynamism has been changing in the past few decades

in the US, with strong discontinuities in job reallocation and entry/exit around the year 2000

(Decker et al., 2016, 2020). Aggregate productivity growth has instead transitioned from high to
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low levels twice in the post-WWII period. As commonly broken down in the literature (Syverson,

2017), labor productivity growth averaged 2.7% from 1947 to 1973, before falling by approximately

half to 1.5% in 1974-1994. It again rose to 2.8% from 1995 to 2004, followed by a more moderate

1.3% from 2005 to 2015.

Two sets of yet unexplained facts emerge from this picture: first, is the reduction in productiv-

ity growth from the period ’94-’04 to the period ’05-15 imputable to the same causes of changing

business dynamism? The debate on this is ongoing, and the question is still unresolved (Naude,

2020).

Second, the sample is characterized by an increase in the R&D to GDP ratio that has not led

to faster growth. What can reconcile this disconnect between R&D and productivity growth? A

hypothesis for this phenomenon is that ideas are getting harder to find, namely, that the average

R&D productivity is on a decline implying that more R&D is needed to sustain the same produc-

tivity growth rate (Bloom et al., 2020).

The section presents a counterfactual analysis through a few quantitative exercises to illus-

trate the effect of changes in selected parameters on the dimensions of business dynamism and

aggregate productivity growth. I compare a steady state calibrated as before on the period ’77-’99

to another steady state calibrated in the same way, but with parameter differences that lead to

changes in the dimensions of business dynamism averaged over the period 2000-2014.10 I focus

on changes in labor force growth (in appendix), entry costs, fixed operating costs (in appendix),

and knowledge diffusion. As discussed in each subsection, a large literature documents changes

in these factors and links them to changes in specific dimensions of business dynamism. I show

that these changes in business dynamism can be reproduced here as well. Then, I illustrate the

qualitative effects of these parameters changes, I quantify their effects in isolation, and finally, I

combine all changes to draw conclusions on aggregate productivity growth and R&D.

4.1 Increase in Entry Cost

Table 5 shows the change of selected moments following a 32% increase in the entry cost, which

matches the change in entry rate observed in the data when comparing the periods ’77-’99 to

10Using 2004 instead of 2000 as the threshold year shows a slightly stronger reduction of aggregate productivity
growth, but it does not change the conclusions.
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’00-’14. Evidence of increasing entry costs is presented in Gutiérrez and Philippon (2019).

Table 5: Entry cost increases by 32% to match the change in entry

Moment Model Data Source
∆ Net entry rate 0pp -1pp US Census

∆ Entry rate (targeted) -2.4pp -2.4pp US Census
∆ Reallocation rate -4.3pp -4pp US Census

∆ Reallocation rate (cont.) +0.1pp -0.7pp US Census
%∆ Lab. productivity growth -1% -53% (-1.5pp) FRB SF (’94-’04 vs ’05-’15 )

-14% (-0.2pp) FRB SF (’73-’93 vs ’05-’15 )
∆ R&D to GDP +15% (+0.35pp) +9%(+0.2pp) NIPA (’94-’04 vs ’05-’15 )

+23% (+0.4pp) NIPA (’77-’99 vs ’00-’14)
%∆ Average plant size +1% +4.4% US Census

By construction, the change in entry cost has a direct negative effect on the entry rate. Addi-

tionally, this has interesting implications.

The effect on aggregate productivity growth is the combination of countering forces. First, an

increase in the entry cost reduces the aggregate growth rate, although slightly. This outcome is in

contrast with Peretto and Connolly (2007), a version of this model with a symmetric equilibrium,

where a lower entry rate reduces the number of firms present in the market, thus increasing the

average expected market share and, as a consequence, the returns to R&D. Although this cost-

spreading effect is present in this framework too, it is not the only force at play. The selection

effect emphasized above is responsible for two occurrences: reducing the number of entrants,

which on average are more innovative than incumbents, and shielding low R&D productivity

firms from entrants’ competition, thus encouraging them to stay in the market. As a consequence,

the cross-sectional average of the R&D productivity decreases.

Additionally, although aggregate productivity growth drops, R&D as a share of GDP increases,

despite the reduction in average R&D productivity mentioned above. This trend is visible in the

data (Bloom et al., 2020), and the model can rationalize it without attributing it to any change in the

parameters of the R&D technology. The forces responsible for this result are: first, the larger aver-

age market share fuels a stronger cost spreading effect. Second, small firms that would otherwise

exit remain in the market. This change in the firms’ population strengthens the scale dependence

effect: a smaller relative size provides stronger incentives to innovate, all else constant. These small

firms have a higher incentive to invest than equally innovative but larger firms because they are
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currently charging a higher price, which gives them a higher return to increasing their relative

size.

4.2 Increase in Private Returns to Knowledge

Here, I consider an increase in the private returns to knowledge (and a consequent reduction in

the social returns) by 11.5% to match the change in the exit rate of 1-year old establishments. There

are various indications that knowledge diffusion has decreased in the past decades, mainly due to

patent protection (Akcigit and Ates, 2019) and changes in innovation policy (Belenzon and Cioaca,

2021).

Furthermore, Akcigit and Ates (2019) identified this channel as the one that can qualitatively

match all changes in business dynamism in their model. My result differs from theirs in this

respect because I allow for exit as an optimal stopping problem and include a free entry condition.

In my framework, reducing knowledge diffusion has two significant partial equilibrium effects on

both entry and exit.

First, given a realistic parametrization according to which entrants expect to start with a below-

average knowledge level, entry is discouraged because this change hinders their potential to grow.

Second, exit is encouraged because the force of attraction that can lift low-knowledge firms is

weaker.

The overall effect on the steady state gross entry rate depends on which effect prevails. In this

case, a large share of firms clusters around the exit locus. Therefore, the effect on exit is stronger

and more firms leaving the market causes more firms to enter through general equilibrium effects,

increasing the overall number of firms.

Churning and, therefore, reallocation is affected as well. According to equation (34), knowl-

edge diffusion regulates the force of attraction towards the average knowledge level. Therefore,

its reduction directly affects the growth rate of low-knowledge firms negatively and positively

the growth of high-knowledge firms. Consequently, expected growth rates are closer together,

reducing churning.

A further partial equilibrium effect is the one that runs through the investment decisions of

firms. As private returns to knowledge increase, the incentive to innovate increases too. Simulta-
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neously, social returns to knowledge are lower. As a result, this effect is not uniform for all firms,

as those with a knowledge level higher than average would see their knowledge change per unit

of R&D be higher for higher µ, while the opposite is true for low knowledge firms, whose R&D

may even decrease. Additionally, general equilibrium effects modify firms’ decisions through

the change in the average firm size, which decreases, implying a weaker cost-spreading effect.

Therefore, the reduction in knowledge diffusion may fuel faster or slower unsystematic churning

that may counter or reinforce the effect of weaker systematic churning. Overall, the quantitative

analysis shows that the effects that hinder reallocation prevail.

Finally, aggregate productivity growth is itself affected by multiple countering forces. The

weaker force of attraction is detrimental for growth because the distribution is skewed, and most

firms possess a below-average knowledge level. Additionally, the effects on entry and exit could

determine a faster or slower product life cycle. Finally, there are multiple effects on the incentive

to innovate, as mentioned above. Overall, in this case, growth is reduced slightly.

Table 6: Private returns to knowledge µ increase by 11.5% to match the change in exit rate of
one-year-old plants

Moment Model Data Source
∆ Net entry rate 0pp -1pp US Census

∆ Entry rate +0.7pp -2.4pp US Census
∆ Reallocation rate +0.7pp -4pp US Census

∆ Reallocation rate (cont.) -0.1pp -0.7pp US Census
%∆ Lab. productivity growth -1% -53% (-1.5pp) FRB SF (’94-’04 vs ’05-’15 )

-14% (-0.2pp) FRB SF (’73-’93 vs ’05-’15 )
∆ R&D to GDP +6% (+0.15pp) +9%(+0.2pp) NIPA (’94-’04 vs ’05-’15 )

+23% (+0.4pp) NIPA (’77-’99 vs ’00-’14)
∆ Exit rate 1-year (targeted) +1.1pp +1.1pp US Census

%∆ Average plant size -1.2% +4.4% US Census

4.3 Declining Business Dynamism: Combining All Changes

Table 7 shows the effect of simultaneous changes on labor force growth, knowledge diffusion,

entry cost, and fixed operating cost to match changes in reallocation across continuing incumbents,

entry rate, and average establishment size in the US economy between the periods ’77-’99 and ’00-

14. In this way, I provide a quantitative estimate of changing business dynamism’s effects on

aggregate productivity growth.
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The channels through which aggregate productivity growth is affected are all those mentioned

in the previous subsections. However, the quantitative magnitude of those effects may be different

when all changes co-occur. For instance, as the increase in the fixed entry cost pushes the exit locus

downwards, fewer firms are clustered around it, and the effect on the gross entry rate of weaker

knowledge diffusion changes sign. This reversal has implications for growth since the product life

cycle effect is slower, and the average R&D productivity declines.

Table 7: Labor force λ down by 1pp. Φ up by 7%, µ up by 33%, FE up by 36% matching average
size, incumbents reallocation, and entry respectively.

Moment Model Data Source
∆ Net entry rate -1pp -1pp US Census

∆ Entry rate (targeted) -2.4pp -2.4pp US Census
∆ Reallocation rate -3.4pp -4pp US Census

∆ Reallocation rate (cont.) (tar.) -0.7pp -0.7pp US Census
%∆ Lab. productivity growth -13% -53% (-1.5pp) FRB SF (’94-’04 vs ’05-’15 )

-14% (-0.2pp) FRB SF (’73-’93 vs ’05-’15 )
∆ R&D to GDP +26% (+0.6pp) +9%(+0.2pp) NIPA (’94-’04 vs ’05-’15 )

+23% (+0.4pp) NIPA (’77-’99 vs ’00-’14)
%∆ Average plant size (tar.) +4.4% +4.4% US Census

A remarkable result of this analysis is that the reduction in aggregate productivity growth is

accompanied by an increase in R&D. This disconnect between the two is visible in the data. It

has been interpreted, for example, by Bloom et al. (2020) as an indication that ideas are getting

harder to find. This model links this phenomenon to parameters that explain changing business

dynamism. The result is only partially due to changes in the average R&D productivity in the

economy that arise endogenously due to selection effects. As explained above in the context of

increasing entry costs, R&D increases because of stronger scale dependence effect and cost spread-

ing effect.

Although the model delivers a reduction in aggregate productivity growth associated with de-

clining business dynamism, the quantitative effect is not large enough to explain the productivity

slowdown relative to the ’94-’04 period. This counterfactual analysis brings a new argument to

the debate over the productivity slowdown, suggesting that the changes that drove the decline in

business dynamism could not have caused the high-growth regime of the mid-’90s to mid-2000s.

Additionally, these parameter changes lead to a reallocation of R&D efforts across firms. By
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keeping alive more low-knowledge and low R&D productivity firms, thanks to a higher entry

cost, more R&D will come from them. As explained above, this occurs because their incentive

to invest increases as they charge a relatively high price, but the contribution to expanding the

average stock of knowledge will be small due to their low ability to innovate.

5 Conclusion

This paper presents a unified framework for studying aggregate productivity growth and business

dynamism in all its dimensions. The model features a continuum of monopolistically competitive

firms subject to idiosyncratic shocks to their R&D productivity. Due to in-house R&D and dimin-

ishing returns per good, R&D investment ultimately declines in relative size, causing churning to

arise endogenously. Therefore, aggregate productivity growth is a turbulent process characterized

by movements within the firm-size distribution as firms adjust their size optimally by choosing

their innovation effort. Entry and exit create life-cycle effects that foster this systematic churning

and shape the aggregate growth process through gradual creative destruction.

The paper introduces a couple of other theoretical contributions. First, it merges and advances

two independent streams of literature, on firm dynamics (Hopenhayn, 1992) and on endogenous

growth (Peretto, 1998; Dinopoulos and Thompson, 1998; Young, 1998; Peretto and Connolly, 2007),

that are complementary to each other. I add endogenous productivity growth to the former, and I

add turbulence to the latter.

Second, it identifies in the R&D scale dependence a novel mechanism that delivers a stationary

firm size distribution whose right tail resembles the one observed empirically (Rossi-Hansberg

and Wright, 2007).

Finally, I perform a counterfactual analysis to shed light on the consequences of changing busi-

ness dynamism, obtaining two main results. First, the model suggests that the plausible causes of

changing business dynamism do not explain the large decline in aggregate productivity growth

observed when comparing 1994-2004 and 2005-2015 in the US. Although the causes of chang-

ing business dynamism lead to the decline of aggregate productivity growth, this drop is much

smaller than the one observed in the data. This result contributes to the debate on the causes of

the productivity slowdown summarized in Naude (2020).
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Second, the model can rationalize both from a qualitative and quantitative perspective why

R&D has increased without a proportional increase in the productivity growth rate. The causes

of changing business dynamism are responsible for a stronger cost-spreading effect and keeping

alive firms with a low ability to innovate but a relatively large incentive to do so due to their

small market share. At the same time, they affect the characteristics of the population of firms in

the market, reducing the average R&D productivity, with negative consequences for productivity

growth.
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6 Appendices

A Stationary Model

I present the detrended version of the model, described by the following equations.

First, define ∀X, X̃t =
Xt
Zθ

t
; X̌t =

Xt

N
1

ε−1
t

; X̂t =
Xt

Zθ
t N

1
ε−1

t

.

The production function (9) is:

x̃i,t = zθ
i,tl

ν
xi,t

, (37)

where the first order condition for production labor is

lxi,t =

[
ν

ε− 1
εŵt

(
ŷt

nt

) 1
ε

zθ ε−1
ε

i,t

] ε
ε−ν(ε−1)

, (38)

where yt =
Yt
Lt

and for pricing:

p̌i,t =
ε

ε− 1

ŵtl1−ν
xi,t

νzθ
i,t

. (39)

Plugging these into detrended dividend, it be re-expressed as a function of zi,t and lZi,t only:

π̂i,t(zi,t, lZi,t) = ŵt

[
ε

(ε− 1)ν
− 1

][
ν

ε− 1
εŵt

(
ŷt

nt

) 1
ε

zθ ε−1
ε

i,t

] ε
ε−ν(ε−1)

− ŵt(lZi,t + Φ) (40)

The stationary Bellman equation is:

V̂(zi,t) = max
{lZi,t}

{
π̂i,t(zi,t, lZi,t) + (1 + gZ

t+1)
θ(1 + λ)

1
ε−1

(
nt+1

nt

) 1
ε−1 ĉt+1

ĉt
×

1
1 + rt+1

max{EtV̂(zi,t+1), 0}
}

(41)

with the knowledge accumulation equation (12), whose stationary version is:

zi,t =
zi,t−1 + αi,tz

µ
i,t−1lζ

Zi,t−1

(1 + gZ
t )

, (42)
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The entry condition (19) is:

Etv̂E
i,t(αi,t+1, zi,t+1) ≥ fE, (43)

The equilibrium conditions are modified as follows. The labor market clearing (23) becomes:

1
nt

=

∫ Nt
0 (lxi,t + lZi,t)di

Nt
+ Φ; (44)

the law of motion of the number of establishment (20) is now:

nt+1

nt
=

1 + NEt−NXt
Nt

1 + λ
; (45)

output (22) is:

yt = ct + fE
NEt

Nt
nt; (46)

B Steady State Algorithm

Constuct a grid for the state z (relative knowledge) and the shock α (productivity of R&D) by

choosing respectively 190 and 85 grid points. The grid points are spaced in a way to obtain higher

concentration for lower values, where non-linearities are present. Furthermore, construct another

grid for z and α used to capture more precisely the future expected states, with 673 and 505 equally

spaced points between each consecutive point in the grids for the state and the shock.

Provide an initial guess for the detrended values of wage, output, number of firms and for the

growth rate of average knowledge. These are the variables that firms take as given when making

their decisions. I use a bisection method to update these guesses. Additionally, I provide an initial

guess for the distribution of firms over the two firm-specific state variable and shock (relative

knowledge and productivity of R&D).

Solve the firm’s problem given by the detrended Bellman equation (41) via policy function

iteration for the R&D labor of firms at each combination of grid points of the two state variables,

subject to the constraint (42). As the choice is dependent on the expected value of α in the following

period, I use Gauss-Hermite quadrature with 15 nodes to approximate the expectation, and I

impose a non-negativity constraint for R&D labor. Furthermore, I compute the value of the firm
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after dividend payout. If this value is negative, R&D labor is set to 0, as the firm exits the market

at the end of the period. To improve the precision of the expected values’ estimates, I construct a

new grid over and α, with 6 equally spaced points between each consecutive point in the grids for

the states, and a new grid for z by choosing the grid points as the difference between the realized z

if α turns out to be the expected one, and each value of α represented in this new grid. I interpolate

linearly the value function to obtain a matrix of values over these new grids for z and α.11

Solve for the expected value of entrants by using the value function computed above. As the

value of entrants corresponds to the present value of next period firm value, the firm’s decision

depends on the expectation of the draw of αi,t+1 and zi,t+1. This expectation is approximated by a

Gauss-Hermitian quadrature with 15 nodes.

At this point, I find the beginning of the period stationary distribution given the guesses for

the relevant aggregate variables. This is done by following these steps:

• From the previous period distribution, set the mass of firms at grid points for which firm

value is negative to 0. I use the sum of the mass of remaining firms to compute the exit rate,

before reweighting the distribution to ensure that the weights of continuing firms sum up to

1.

• Find the new distribution over α, given the old distribution and the law of motion of α.

• Find the new distribution of incumbents over zi,t. This depends on the old distribution,

R&D labor hired in the previous period at given zi,t−1 and αi,t−1, on zi,t−1, on αi,t−1 and on

the probability of moving from the previous α to each α point on the grid.

• Compute the outer product of mass over α and z to find the new distribution of incumbents

over them.

• Find the distribution of firms that entered in the previous period over the state variable and

shock, by drawing zi,t according to equation (17) and αi,t according to equation (18).

11Importantly, as the function approximation needs to be good enough not only to interpolate, but also to extrapolate,
since the large grid over z includes much larger values than the initial z grid, the highest and second highest values of
alpha need to be high enough and chosen very close to each other in a way to ensure that the linear extrapolation is
decently accurate.
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• Find the entry rate as the sum of exit rate and population growth rate (the condition re-

quired to ensure stationarity in the number of firms, essentially imposing steady state) from

equation (45).

• Compute the new mass of firms as the weighted average of the mass of incumbents and the

mass of entrants, using the entry rate as the weight.

• Iterate until the mass of firms in every grid point is no further than 0.0001 from what it was

in the previous iteration, or for a maximum of 4 (a number picked arbitrarilly to increase the

speed of convergence) iterations.

Finally, the guesses of the aggregate variables need to be updated (I do so by using a bisection

method and a step size of 0.0001). Find average production and R&D labor using the normalized

distribution and the policy functions at each grid point. Compute the values output and number of

firms from equations (46) and (44) respectively. Increase the wage if the left side of equation (43) is

larger than the right side, and increase the growth rate of average knowledge if the distribution of

establishments over z is such that the average relative knowledge is larger than 1. Iterate until the

values of consumption, number of firms, growth rate of average knowledge, wage, mass of firms

over the state and shock and entry rate differ from the values obtained in the previous iteration

by less than a tolerance level of 0.002, 0.001, 0.0006, 0.01, 0.0008, and 0.001 respectively.

C Estimating the Gibrat Coefficient: Correlation Between Growth and

Size

The model, in line with the data, violates what is known as Gibrat Law, a statement over the

independence of the growth rate of size from its level. Specifically, a long tradition of empirical

work, reviewed by Sutton (1997); Caves (1998); Audretsch et al. (2004), has devoted its focus on

estimating the following equation:

log SIZEt+1 − log SIZEt = α + β log SIZEt + εt+1, (47)
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where ε is the error term, and α and β are parameters. Gibrat Law holds as long as β = 0. Size is

typically measured in number of employees or sales in dollars.

I simulate the model and estimate equation (47) where size is captured as number of employees

to find β = −0.053. Although the model rejects Gibrat Law, the coefficient is not very far from 0.

This is broadly in line with the results obtained by Audretsch et al. (1999) on Italian manufacturing

data, who reject Gibrat Law for most industries. In those industries where Gibrat Law is not

rejected their confidence intervals include the model’s the point estimate. Although the coefficient

they obtain for some industries is further from zero than the one implied by the model, this is

of little concern as my main goal is to avoid overestating the quantitative importance of scale

dependence.

If I consider only the top 50% of firms in terms of size, and estimate Gibrat Law, I obtain β =

−0.025, fairly close to the value −0.005 estimated by Bottazzi et al. (2007) for a sample medium

and large firms in Italy.

D Growth of Average Productivity, Business Dynamism, and the Firm

Size Distribution

This section identifies the source of bias that arises out of disregarding scale dependence in pro-

ductivity growth rates and the firm heterogeneity in their knowledge level. Fuerthermore, it

presents a decomposition of aggregate productivity growth to illustrate two other contributions of

the paper. First, disregarding scale dependence leads to misattributing part of growth as emerg-

ing from within firm growth rather than reallocation. Second, I show that the model allows for a

structural interpretation of aggregate productivity growth decompositions common in the empir-

ical literature. All components are interdependent as all variables are functions of the two state

variables.

I conclude the section by presenting a quantitative account of the decomposition to illustrate

the importance of churning in accounting for within-firm growth.
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D.1 Productivity Growth and Churning

Most existing endogenous growth models, after correcting for entry and exit, predict that the

growth rate of average productivity equals the average growth rate across firms. This subsection

illustrates that when productivity growth rates across firms are scale dependent, these models

overestimate growth by the degree of mean-reversion.

This result is formalized in the following proposition, and it is proved in the rest of this sub-

section.

Proposition 3 If ρ = 0 , productivity growth rates across firms are scale dependent, and, under a time-

invariant distribution of relative productivity, the growth rate of the average productivity of continuing

firms is lower than the average of their growth rates by the degree of mean-reversion.

I proceed in proving the proposition and in showing formally the interaction between growth

of average productivity and churning. To simplify the exposition and to emphasize that this result

does not depend on the weights attached to individual productivities, I focus on the unweighted

average of relative productivity levels. To do that, I rely on the following lemma.

Lemma 4 Under a time-invariant distribution of relative productivity levels, the unweighted average of

productivities grows at the same rate as the weighted average.

This is proved by showing that weighted and unweighted average productivity have the same

trend. Dividing the unweighted average of productivities by the weighted average yields At
At

=

1
Nt

∫ Nt
0 ai,tdi, which is trendless when the relative productivity distribution is time-invariant.

The unweighted average of productivities, At, can be decomposed in two alternative ways:

At =
1

Nt

∫ Nct−1

0
Ai,tdi +

1
Nt

∫ NEt−1

0
Ai,tdi =

1
Nt

∫ Nct

0
Ai,tdi +

1
Nt

∫ NXt

0
Ai,tdi, (48)

where Nct−1 is the number of firms active at time t− 1 that continue operating at time t.

Taking growth rates yields:

gA
t =

1
Nt

∫ Nct−1

0
gAi

t ai,t−1di︸ ︷︷ ︸
Firm Productivity Growth

+

(
Nct−1

Nt
−

Nct−1

Nt−1

)
ac,t−1︸ ︷︷ ︸

Expanding Varieties

+
(

1 + gA
t

) Nct−1

Nt
aEt −

NXt−1

Nt−1
aXt︸ ︷︷ ︸

Entry and Exit

, (49)
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where ai,t = Ai,t/At, aEt = 1
NEt−1

∫ NEt−1
0 Ai,t/Atdi and aXt = 1

NXt

∫ NXt
0 Ai,t/Atdi. The growth of

continuing firms can be further divided up to make explicit the role of the average growth rate

and of the higher moments:

1
Nt

∫ Nct−1

0
gAi

t ai,t−1di =
Nct−1

Nt

[
gAi

t︸︷︷︸
Average

Growth Rate

+

1
Nct−1

∫ Nct−1

0
(ai,t − act)

(
gAi

t − gAi
t

)
︸ ︷︷ ︸

Mean Reversion

]
, (50)

where gAi
t is the average growth rate, and the remaining factor is the covariance between relative

(to the unweighted average) productivity level and growth rates. This covariance differs from 0

in the presence of scale dependence. Note that a covariance different from 0 implies the presence

of churning in the economy, which arises if growth rates differ across firms. Nevertheless, this

covariance is not accounting for all churning, but only for that churning that manifests itself in the

form of mean-reversion. In fact, an economy characterized by churning, but without a mechanism

that delivers scale-dependence would have a covariance between levels and growth rates of 0 and

its long-run growth rate would be independent of the degree of churning.

Quantitatively, mean-reversion subtracts approximately 10% from the growth rate of the un-

weighted average productivity.

Now, consider an economy where growth rates are strictly decreasing in relative productivity

conditional on R&D productivity as in this model with this calibration due to the mechanisms

described above. Equations (33) and (34) show that R&D investment and growth rates differentials

depend on the expected next period R&D productivity. If ρ = 0, the R&D productivity is iid,

implying that investment and growth rates are independent of the current R&D productivity level,

thus implying that the covariance between growth rates and relative productivity level equals the

unconditional covariance between the two.

The implications of this propositions are worth discussing. The main takeaway is that focus-

ing on understanding the determinants of the average growth rate across firms does not lead to an

accurate understanding of the aggregate productivity growth process when growth rates exhibit
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scale-dependence. Starting from the same average growth rate across firms, models consistent

with Gibrat Law or symmetric models would deliver a higher long-run growth rate than this

model. Furthermore, notice that churning that arises out of mean-reversion in relative productiv-

ity is what generates a time-invariant non-degenerate distribution. Under calibrations that deliver

a non-degenerate time-invariant firm size distribution, the interdependence between churning

and average productivity growth is inevitable.

A more complex picture arises if we consider (as in this case) a situation where R&D produc-

tivity levels are positively autocorrelated. The synthetic data generated by the model may exhibit

a correlation between relative productivity and R&D productivity. In this case, I rely on the Law of

Total Covariance to illustrate the connection between the bias identified in this subsection, and the

covariance between productivity growth and levels conditional on R&D productivity whose sign

is restricted by the requirement that the distribution is non-degenerate. The covariance between

productivity growth and levels can therefore be decomposed as follows:

cov
(

Et−1gAi
t , ai,t−1

)
= cov

(
Et−1gAi

t , ai,t−1|αi,t−1

)
+ cov

(
E
[
Et−1gAi

t |αi,t−1

]
, E [ai,t−1|αi,t−1]

)
. (51)

The first term on the right side of the equation is the degree of conditional mean reversion, which

is negative if growth rates are strictly declining in the relative productivity level conditional on

R&D productivity. The second term depends on the correlation between the relative productivity

level and the R&D productivity. It is easy to see that if the two are uncorrelated, the second

element in the covariance has no variation, implying a covariance of 0. If ρ > 0, this second term

may be positive, thus countering the negative sign of the first term. This could happen if the

correlation between α and a is positive, but not strong enough to ensure that the negative effect

on the growth rate of a higher relative productivity level is high enough to more than offset the

positive effect of a higher R&D productivity. The process of entry and exit reduces this covariance

between conditional growth rates and conditional relative productivity levels: exit removes firms

with a low relative productivity level and a low ability to innovate, while entry introduces in

the market firms that are not very productive initially, but have a higher than average ability to

innovate. Given the calibration presented above, the correletion generated by the model between
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α and a is approximately 0, making the covariance between conditional growth rates and levels

quantitatively neglegible.

D.2 Growth of Average Productivity and Firm-Size Distribution

I now turn to showing that the economy’s growth rate is interdependent to both the R&D produc-

tivity distribution and the distribution of relative technological knowledge due to in-house R&D

and diminishing returns. The implication is that any parameter change that leads to a different

distribution of either relative knowledge or R&D productivity, would necessarily deliver a differ-

ent growth rate of average productivity. As a consequence, the two moments cannot be studied

separately.

Proposition 5 If R&D is performed in house and there are diminishing returns per variety, A R&D in-

vestment is scale dependent and nonlinear in relative knowledge, and B R&D investment is nonlinear in

the R&D productivity.

The first part of the statement was shown in section 3, by noting that the policy function depends

on the slope of the value function, which is decreasing in relative knowledge. The rest relies

on the same explanation: due to diminishing returns per variety and in-house R&D, the firm

value is concave in relative knowledge. Hence, the incentive to increase knowledge diminishes

in itself, causing the marginal product of knowledge to be concave in the ability to innovate.

The implication is that changes that deliver a different distribution of either relative knolwedge

or R&D productivity would necessarily imply a different average productivity growth rate by

changing incentives to innovate.

The growth rate of the unweighted average productivity (after a correction for entry, exit and

change in the number of firms) is the sum of the productivity change of each firm detrended

by the average productivity level, as shown in equation (49) in the previous subsection. This

expression can be re-arranged to show what gives rise to the feedback mechanism from the relative
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knowledge (or productivity) and the R&D productivity distribution.

1
Nt

∫ Nct−1

0

Ai,t − Ai,t−1

At−1
di =

Nt−1∫ Nt−1
0 zθ

i,t−1di

1
Nct−1

[∫ Nct−1

0

(
zi,t−1 + αi,tz

µ
i,t−1lZi,t−1(.)

ζ
)θ
− zθ

i,t−1di
]

.

(52)

As illustrated by this equation, the productivity change of each firm is a function of the product

of three firm-specific terms. The first term is the exogenous R&D productivity shock. The second

term is the firm-specific relative technological knowledge, which shows up due to the presence

of private returns to own-knowledge in R&D. The third term is the R&D investment, which is

itself a function of both the R&D productivity level (since the shock is persistent), and of relative

knowledge.

How does this framework differ from one where R&D is independent of either R&D produc-

tivity, relative knowledge, or both? Answering this question would shed light on the role played

by heterogeneity. I document the discrepancy between the growth of average productivity ob-

tained in the partial equilibrium of this model, and various benchmarks where at least some of the

channels through which heterogeneity manifests itself in this model are absent.

Non-linear Scale Dependence in R&D

As shown in section 3, R&D is a nonlinear function of relative knowledge, hence of productiv-

ity and firm-size. This nonlinearity would be of no interest in two types of models: a symmetric

one where relative knowledge is the same for all firms, such as in Peretto and Connolly (2007); or

a model where R&D is undirected, meaning that the firm is unaware of what product-line they

improve over when investing, for example Acemoglu et al. (2018). If the firm-size dispersion in-

creases, the partial equilibrium effect is that average R&D of firms with high innovative capacity

decreases, while average R&D of firms with low innovative capacity increases. This is clear from

figure 7 because around the average level of relative productivity, firms with a high innovative ca-

pacity are under the "bell-shape", while firms with a low innovative capacity are in the decreasing

and convex part of the policy function. To quantify the extent of this discrepancy, I can compare
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the average R&D investment for firms with a given level of R&D productivity, and the R&D in-

vestment that would be observed under the average level of relative knowledge. This is visible in

figure 6. Quantitatively, this channel alone leads to a wedge between the no-dispersion framework

and this model by about 7% of the growth rate, with the latter higher than the former.
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Figure 6: Expected productivity change for selected levels of R&D productivity. The stars represent the pro-
ductivity change at the average level of R&D conditional on R&D productivity, while the pluses represent
the average productivity change at the average productivity level.

Non-linearity of R&D in R&D productivity

R&D is concave in R&D productivity due to diminishing returns per variety. This creates an

interdependence between growth and the distribution of R&D productivity. This concavity is

absent in models where there are constant returns per variety, such as those consistent with Gibrat

Law, whose outcome is captured by the first moment of the R&D productivity distribution. As

before, conditional on the level of relative knowledge, I compare the average R&D labor across

firms with different R&D productivities to the R&D labor at the average R&D productivity. The

concavity that arises ensures that a model based on the first moment of R&D productivity would

have a 22% higher growth rate. This Jensen’s inequality captures the discrepancy that arises from

this channel between this model and models based on the first moment of R&D productivity in

accounting for the long-run growth rate of the economy.
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Diminishing returns to R&D in new knowledge production

Another obvious source of non-linearity arises from the presence of diminishing returns to

R&D. This is a common feature to several growth models, such as Thompson (2001). Diminish-

ing returns to R&D create an issue of aggregation of the firm specific R&D efforts such that the

average R&D to the power ζ is lower than the average of the exponentiated individual R&D. This

inequality arises whenever R&D effort differs across firms. Quantitatively, models where R&D is

the same across firms would underestimate the average productivity’s growth rate by 10%.

Diminishing Returns to own-knowledge in R&D

In this model, new knowledge creation depends linearly on overall knowledge. This is partly

own-knowledge internal to the firm, and external knowledge. In symmetric models, own-knowledge

and external knowledge are the same. Own knowledge in the R&D technology operates as if the

R&D productivity was partly endogenous, emphasizing another channel through which the dis-

tribution of relative knowledge feeds back into the long-run growth rate of the economy.

Co-dependence of the Three Terms

The last element of interest is the co-dependence of the three terms. Considering all of them

other than the returns to own-knowledge, a representative firm framework in partial equilibrium

would deliver a growth of average productivity about 6 times higher than the one obtained with

this model. If the returns to own-knowledge are considered as well, the discrepancy is even higher.

The main takeaway from this analysis is that one cannot discuss separately the firm-size distri-

bution, the R&D productivity distribution, and the long-run growth rate of the economy. The first

two affect the incentive to innovate, hence the contribution that each firm brings to the process of

knowledge creation.

D.3 Decomposing Average Productivity Growth

I show here a decomposition of average productivity growth decomposition based on those com-

mon in the growth accounting literature (Foster et al., 2001; Melitz and Polanec, 2015). I explicitly
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show the role of the higher order moments when firms’ growth rates exhibit negative scale depen-

dence. In doing so, I point to the misattribution bias implied by models where growth rates are

independent of the relative productivity level. Furthermore, I elucidate on the interdependence of

the various components.

Aggregate productivity growth is decomposed into an accounting identity using the Foster

et al. (2001) decomposition. The dynamic Olley Pakes decomposition proposed by Melitz and

Polanec (2015) is instead discussed in the following section. The change in aggregate productivity

is:

At − At−1 =
∫ Nc,t−1

0
Si,t−1

(
Ai,t − Ai,t−1

)
di︸ ︷︷ ︸

Within

+
∫ Nc,t−1

0

(
Si,t − Si,t−1

)(
Ai,t−1 − At−1

)
di︸ ︷︷ ︸

Between

+
∫ Nc,t−1

0

(
Si,t − Si,t−1

)(
Ai,t − Ai,t−1

)
di︸ ︷︷ ︸

Cross-Correlation

+
∫ NE,t−1

0
Si,t

(
Ai,t − At−1

)
di︸ ︷︷ ︸

Entry

−
∫ NX,t−1

0
Si,t−1

(
Ai,t−1 − At−1

)
di︸ ︷︷ ︸

Exit

, (53)

where Nc,t−1 denotes the number of firms operating at time t− 1 that continue their operations at

time t, NX,t−1 is the number of firms that exit at time t− 1, and NE,t−1 is the number of firms that

enter at time t− 1 and starts operating at time t.

Equation (53) can be re-expressed in proportional growth rates by dividing both sides by At−1.

This leads to:

gA
t =

∫ Nct−1

0
Si,t−1 ai,t−1 gAi

t di︸ ︷︷ ︸
Within

+
∫ Nct−1

0

(
Si,t − Si,t−1

)(
ai,t−1 − 1

)
di︸ ︷︷ ︸

Between

+
∫ Nct−1

0

(
Si,t − Si,t−1

)
ai,t−1 gAi

t di︸ ︷︷ ︸
Cross-correlation

+
∫ NEt−1

0
Si,t

( At

At−1
ai,t − 1

)
di︸ ︷︷ ︸

Entry

−
∫ NXt−1

0
Si,t−1

(
ai,t−1 − 1

)
di︸ ︷︷ ︸

Exit

(54)
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where 1 + gAi
t = (1 + gZi

t )θ .

This decomposition highlights the contribution of different sources to aggregate productivity

growth. The first component is the within-firm growth rate; it keeps track of the change in produc-

tivity of each surviving firm. A detailed description is provided below. The between component

describes the contribution to growth of a reallocation of market shares between firms. Its sign

is positive if business stealing favors on average firms with a higher initial relative productivity,

and vice-versa. The cross-correlation component is a correction term that captures the correlation

between productivity change and change in market share. It accounts for the gain, in terms of

market share, of an increase in productivity. Instead, the last two components are indicators of the

static importance of entry and exit respectively to the aggregate growth process.

The accounting identity presented in equation (68) is not new. One of this paper’s contri-

butions is to offer a theoretical interpretation of it, where all components are endogenously and

jointly determined. In fact, I can express them as functions of the same variables, namely relative

knowledge and firm-specific productivity of R&D.

ai,t = ai,t(zi,t). (55)

Firm-specific productivity is increasing in its knowledge stock by definition. Relative productivity

is a function of relative knowledge.

Nt = Nt(zt, αt), (56)

where zt is a vector of all firms’ relative knowledge and αt a vector of the R&D productivities. The

number of firms is endogenously determined and depends on each firm’s entry and exit decision,

hence on their state.

Si,t = Si,t(ai,t(zi,t), Nt(zt, αt)). (57)

The labor share increases in each firm’s relative productivity level and decreases in the number of

firms in the market.

At = At(Zt, St(.)). (58)

The average productivity level is increasing in the knowledge level of each firm and depends on
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their labor share.

gAi
t = gAi

t (zi,t−1, αi,t, lZi,t−1(zi,t−1, αi,t−1, ai,t(.), Si,t(.))). (59)

Finally, as discussed above, the firm-specific growth rate of productivity depends positively on

the realization of the shock αi,t, on the existing stock of knowledge as private knowledge enhances

the ability to produce new knowledge, and on their R&D investment. Nevertheless, R&D is itself

a function of both relative knowledge and R&D productivity. It increases with the current R&D

productivity, while the dependence on relative knowledge is instead more intricated. On the one

hand, the higher the private stock of knowledge, the higher the ability to produce new ideas, hence

the higher the incentive to innovate. On the other hand, the higher the knowledge stock, the higher

the productivity level and the labor share. Consequently, due to the presence of diminishing

returns per variety, the return to investment decreases as firms increase their relative productivity

level and their market share, holding all else constant.

As all variables are endogenously and jointly determined, the decomposition cannot be inter-

preted as if market share, productivity level, and growth were random variables. It is not possible

to ask what effect a change in one of the components has on aggregate growth while holding ev-

erything else constant because changing one variable would necessarily change others. Changes

in the various components have common causes.

In what follows, I analyze further each component, imposing theoretical restrictions on them.

Within Component

Here I decompose the within component further to show explicitly the contribution of the

higher moments of the distribution to within-firm growth.

One can notice from (54) that the within component is the average of the growth rates across

firms weighted twice, first by labor share and then by relative productivity. The labor share is used

as a weight by definition. Growth rates are further weighted by relative productivity as shown in

the previous section due to an accounting property of arithmetic average.

Define the combined labor share of continuing firms as Sct =
∫ Nct

0 Si,tdi and their average
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productivity level as Act =
∫ Nct−1

0
Si,t
Sct

Ai,tdi. It follows that:

∫ Nct−1

0

1
Nct−1

(Si,tai,t−1 − Sct act−1) di = 0. (60)

Given this, the within component can be divided further:

gWITHIN
t = gAi

t (.)︸ ︷︷ ︸
Average growth rate

+ (Sct−1(.)act−1(.)− 1) gAi
t (.)︸ ︷︷ ︸

Survival selection

+
∫ Nct−1 (.)

0

(
Si,t−1(.)ai,t−1(.)−

Sct(.)
Nct−1(.)

act−1(.)
)(

gAi
t (.)− gAi

t (.)
)

︸ ︷︷ ︸
Systematic Churning

, (61)

where gAi
t =

∫ Nct−1
0

1
Nct−1

gAi
t di represents the simple average of the productivity growth rates of

individual continuing firms.

The survival selection component is a correction term. It has to do with the relative productivity

level of surviving firms. Its sign and size depend on whether surviving firms are on average more,

less, or equally productive to those that exit. The higher the relative productivity of survivors, the

higher the contribution to aggregate growth from this channel. Models that assume an exogenous

exit shock that hits all firms symmetrically would miss this.

The last component captures the degree of mean reversion, which indicates the presence of

what I refer to as systematic churning. It differs from zero if growth rates are correlated to firm

size. In fact, this component is a covariance between growth rates and the product of labor share

and relative productivity. As labor share is a strictly increasing function of relative productivity,

systematic churning shows up as a covariance between a monotonic transformation of relative

productivity and the productivity growth rate. The word systematic is meant to stress that this

element differs from zero only if growth rates differ in expectation. As the realization of the shock

is independent of the relative productivity level, this component can differ from zero only in the

case of investment decisions that lead to different predicted growth rates depending on the initial

size, namely if firms find it optimal to move to a different position within the relative productivity

distribution.
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Between Component

I now turn to showing what makes up the between component, which tracks the contribution

of a reallocation of labor share to firms with a higher productivity level.

gBETWEEN
t =

∫ Nct−1 (.)

0

(
∆Si,t(.)−

∆Sct(.)
Nct−1(.)

) (
ait−1(.)− act−1(.)

)
di︸ ︷︷ ︸

Static Reallocation

+ ∆Sct(.) (act−1(.)− 1)︸ ︷︷ ︸
Reallocation to Incumbents

. (62)

The last term is a correction for the change in the combined labor share of incumbents, driven by

the presence of entry and exit. The more interesting term is the first one, which is an additional

manifestation of the main theme of this paper. It shows the covariance between the change in labor

share and the initial relative productivity level. As the labor share is an increasing function of the

relative productivity level, the negative scale dependence discussed so far implies a negative sign

for this covariance. The between component, after a correction for the effect of entry and exit, is

therefore negative in steady state.

Cross-Correlation Component

Here, I show a decomposition of the cross-correlation component. While the between com-

ponent shows the gains for average productivity of a reallocation of labor to more productive

firms, the cross-correlation component illustrates the contribution of a reallocation of labor to

firms whose productivity level grows at a faster rate.
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The cross-correlation component is therefore broken down into:

gCC
t =

∫ Nct−1 (.)

0

(
∆Si,t(.)−

∆Sct(.)
Nct−1(.)

)(
1 + gAi

t

)
ait−1(.)di︸ ︷︷ ︸

Dynamic Reallocation

−
∫ Nct−1 (.)

0

(
∆Si,t(.)−

∆Sct(.)
Nct−1(.)

) (
ait−1(.)− act−1(.)

)
di︸ ︷︷ ︸

Static Reallocation

+ ∆Sct(.)
1

Nct−1(.)

∫ Nct−1

0

(
Ai,t − Ai,t−1

At−1

)
di︸ ︷︷ ︸

Reallocation to Incumbents

. (63)

The second element is the same that appears in the between component, but with the opposite

sign, implying that in steady state static reallocation adds to the cross-correlation component. The

third factor depends on whether the labor share of continuing firms expands or not. The first

one is instead the interesting one. It shows the contribution to average productivity growth of the

reallocation of labor share to firms that grow the most. It can be thought of as a covariance between

the change in market share and the productivity change detrended by average productivity. It is

useful to further divide it up as follows:

∫ Nct−1

0

(
∆Si,t−1(.)−

∆Sct(.)
Nct−1

)(
gAi

t − gAi
t

)
ait−1(.)di =∫ Nct−1

0

(
∆Si,t(.)−

∆Sct(.)
Nct−1

)(
Et−1gAi

t − gAi
t

)
ait−1(.)di︸ ︷︷ ︸

Systematic Dynamic Reallocation

+
∫ Nct−1

0

(
∆Si,t(.)−

∆Sct(.)
Nct−1

)(
gAi

t −Et−1gAi
t

)
ait−1(.)di︸ ︷︷ ︸

Unsystematic Dynamic Reallocation

(64)

Part of the dynamic reallocation is therefore the result of the systematic churning process, while

the rest is due to the realization of the shock, which leads firms that receive a positive draw to

expand their labor share at the expense of those that get a negative one. Additionally, one can sep-

arate the systematic dynamic reallocation as the covariance between today’s labor share and de-

trended productivity change, minus the covariance between yesterday’s labor share and detrended

productivity change. As it turns out, this last element resambles systematic churning as it appears
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in the within component with the opposite sign.12 The absence of scale dependence would elimi-

nate these terms and is therefore responsible for a misattribution bias, in favor of the within-firm

component and against the cross-correlation component.

The Role of Entry and Exit

Entry and exit play a role in shaping firms’ distribution over relative knowledge and R&D

productivity, affecting the average growth rate, churning, and the aggregate growth process.

A selection effect driven by entry and exit affects the cross-sectional average of R&D productiv-

ity. As entrants have a higher ability to innovate than exiting firms on average, the cross-sectional

average is higher than the long-run expectation of the AR(1) process. This selection effect is central

in the model presented by Acemoglu et al. (2018) and has consequences for within-firm growth.

Another important selection effect concerns the relative productivity level, as emphasized by

the firm dynamics literature (Syverson, 2011). Both entering and exiting firms have a below-

average productivity level, but in steady state more exit also implies more entry. Therefore, the net

direct effect on the aggregate productivity level caused by entry and exit is due to the difference

in productivity levels between entrants and exiting firms, weighted by market share.

I now explore what concerns the dispersion of productivity and growth rates, which has im-

plications for aggregate growth in this model. In particular, as systematic churning is a covariance

between a monotonic transformation of labor share and productivity growth rates, entry can re-

inforce that if it increases the dispersion of growth rates, of relative productivity levels, or the

correlation between these two variables.

Since firms that exit have a low level of both productivity and R&D productivity, exit reduces

the dispersion in both state variables. This is clearly visible from figure 3.

The effect of entry is instead less obvious. Entrants have a higher dispersion of R&D productiv-

ity. The share of entrants that exit is higher than for all firms and the share of firms that grow faster

than average is also higher. To better understand the effect of entry on churning, I need to focus on

those entrants who decide to stay in the market for one more year. The average relative productiv-

ity for continuing entrants is 0.78, their standard deviation is 0.11, compared to 0.23 for all firms.

12The two are not exactly equal to each other: their difference is indeed captured by the covariance between produc-
tivity growth and level discussed in the previous section.
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This points to an ambiguous change in the dispersion of relative productivity. On the one hand,

as the average productivity level is far from that of incumbents, entry increases the productivity

dispersion. On the other, the low dispersion of relative productivity compared to incumbents re-

duces the aggregate level. Comparing firms’ productivity dispersion with and without entrants, I

obtain the same number, implying that entry does not directly change the dispersion.

The effect on growth rates is instead different. The average productivity growth rates across

incumbents, 3%, and across entrants, 5%, are both targeted moments. Their standard deviations

are 0.14 and 0.10 respectively. Again, the dispersion of growth rates is ambiguously affected by

entry. The standard deviation of growth rates when disregarding entrants is 0.08.

Besides, as entry introduces firms with below-average relative productivity and above-average

growth rates, the correlation between the two is likely to increase in absolute value. I can com-

pare the dispersion of the level and growth rate of productivity and their correlation for all firms

while including and excluding entrants to find −0.10 and −0.11 respectively. The absolute value

of the correlation is increased by entry, but the effect appears to be small. Furthermore, as already

pointed out earlier, both entry and exit reduce the correlation between the relative productivity

level and the R&D productivity. This has a direct negative effect on the covariance between rel-

ative productivity level and productivity growth as mentioned in the discussion over equation

(51).

These results show that one dimension that affects the magnitude of systematic churning is

increased by entry, while the other two are left almost unaltered. In conclusion, given this calibra-

tion, entry increases systematic churning. Additionally, firms that tend to grow faster are indeed

young. The negative correlation that drives systematic churning and violates Gibrat Law depends

crucially on age, in line with empirical evidence (Lotti et al., 2009; Haltiwanger et al., 2012).

D.4 Quantitative Analysis of the Growth Decomposition

As common in the literature, for example, in Acemoglu et al. (2018), I present a quantitative anal-

ysis of the aggregate growth decomposition based on data generated by the model.

Table 8 shows the decomposition results presented in equation (54), where all components are

shown as shares of average productivity growth.
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Table 8: Productivity growth decomposition as a fraction of the growth rate of average productiv-
ity.

Within Between Cross-Correlation Net Entry
42% -27% 78% 6%

Table 9 presents the contribution, as a share of the within component, of the elements that

determine the change in surviving firms’ average productivity. This is based on equation (61). As

the results show, the effect of systematic churning is quantitatively relevant. Overall, the average

of the growth rates is over 70% higher than the average productivity growth rate. This suggests

that, in steady state, heterogeneity in firms’ growth rates is important, and the bias attributable

to disregarding it can be quite big. Systematic churning subtracts almost 70% from the within

component and 40% from aggregate productivity growth.

Table 9: Within Component Decomposition. All elements are expressed as a share of the growth
rate of average productivity.

Average Growth Systematic Churning Survival Selection
77% -32% -3%

Another interesting result is that one-year-old firms account for a disproportionate share of

systematic churning, around 14% of it, while representing only 6% of the total number of surviving

plants, weighted by market share. This accounts for a share of the within component of −9%,

while their average growth rate accounts for 24% of it. This implies that overall one-year-old firms

account for 14% of the within growth rate. In sum, they affect disproportionately the within-firm

growth rate, but less than an observer would perceive by focusing exclusively on their average

growth rate.

Table 10: Cross-Correlation Component Decomposition. All elements are expressed as a share
of the growth rate of average productivity. Note that the static reallocation component enters
negatively in cross-correlation.

Static Reallocation Dynamic Reallocation Reallocation to Incumbents
-38% 42% -2%

The dynamic reallocation component is by far the largest one. Due to the absence of any

friction to the reallocation of labor, this is likely to be overestimated. The systematic churning
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component is quite important too, even though the estimate of Gibrat Law is quite conservative

and the amount of reallocation is underestimated.

E Disentangling Research Productivity

This section is devoted to exploring the determinants of the economy’s ability to innovate. The

average growth component can be further dissected to explore the connection between firms’

average growth rate and average R&D labor:

gAi
t =

1
Nct−1

[ ∫ Nct−1

0

(
1 + αi,tz

µ−1
i,t−1lZi,t−1(zi,t−1, αi,t−1)

ζ
)θ
−
(

1 + αi,tlZi,t−1(zi,t−1, αi,t−1)
ζ
)θ

di

]
︸ ︷︷ ︸

Knowledge diffusion

+
1

Nct−1

[ ∫ Nct−1

0

(
1 + αi,tlZi,t−1(zi,t−1, αi,t−1)

ζ
)θ
−
(

1 + αi,tlZi,t−1(zi,t−1, αi,t−1)
)θ

di

]
︸ ︷︷ ︸

R&D Aggregation

+
∫ Nct−1

0

(
1 + αi,tlZi,t−1(zi,t−1, αi,t−1)

)θ

Nct−1

−
[

1 +
∫ Nct−1

0

αj,t

Nct−1

dj
∫ Nct−1

0

lZj,t−1(zj,t−1, αi,t−1)

Nct−1

dj

]θ

di︸ ︷︷ ︸
R&D Allocation

+

[
1 +

∫ Nct−1

0

αi,tdi
Nct−1︸ ︷︷ ︸

Average R&D Productivity

∫ Nct−1

0

lZi,t−1(zi,t−1, αi,t−1)

Nct−1

di︸ ︷︷ ︸
Average R&D

]θ

− 1. (65)

Equation (65) shows that the average productivity growth rate is not exclusively explained by

the average R&D effort and the average R&D productivity. Instead, it depends on a few other el-

ements related to the higher moments of the distribution of relative knowledge and firm-specific

research productivity. As a result, attempts to capture the economy’s ability to innovate by com-

puting a ratio of the average growth rate and average R&D include biases that mask the hetero-

geneity in firms’ growth process.

The first component keeps track of the contribution of the knowledge spillover to productivity

growth. Depending on the size of the parameter µ, which describes the returns to private knowl-

edge in the process of knowledge accumulation, firms with a relatively lower stock of knowledge
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will be growing faster. The knowledge spillover operates as a force of attraction to the average

knowledge stock.

The second component highlights an issue of aggregation of R&D labor that arises due to

diminishing returns to R&D in the knowledge production function. This component could be

further divided up into two parts: one keeping track of the bias arising from disregarding the

concavity and the other capturing the aggregation bias associated with the failure to account for

R&D’s dispersion across firms.

The last component is a correction of first-moment models’ failure to associate R&D effort to

the firm that performs it. Its magnitude depends on the dispersion of the ability to innovate across

firms and its association with R&D effort.

The next subsection provides the quantitative results from equation (65).

E.1 Research Productivity Decomposition

I present the quantitative results associated with the decomposition presented in the previous

section. These results highlight the factors that matter in accounting for the average ability to

innovate across firms.

Table 11 shows the decomposition of the average growth rate, according to equation (65). The

various components are expressed as shares of the average growth rate.

Table 11: Research Productivity Decomposition

First Moments Knowledge diffusion Aggregation Allocation
587% 59% -10% -536%

The results show that the first moments alone, namely the average of R&D labor and the av-

erage of firms’ research productivity, provide a very poor estimate of the average growth rate.

The average growth rate is overestimated by almost 6 times. The component that matters the

most is the allocation of R&D effort. As the research productivity is widely dispersed, it is im-

portant to take into account where the research effort is directed to get an accurate description of

the economy’s ability to promote technological change. This suggests that phenomena that may

affect the allocation of R&D, such as financing constraints, are of great importance and should be

investigated further.
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Another relevant issue to keep in mind is that the catching up component, which has to do with

the knowledge spillover effect, explains a substantial portion of firm growth. The reason why its

sign is positive is that most firms are below the average knowledge level, given the skewness of

the distribution. Note that entrants affect disproportionately this component, accounting for 19%

of it. This result highlights once again the relevance of life cycle dynamics for understanding the

drivers of aggregate growth, and it shows that entrants grow faster than incumbents partly due to

a spillover effect.

F Dynamic Olley-Pakes Decomposition

Here, I show the decomposition proposed in Melitz and Polanec (2015). Although less common

than the one presented above, it may nevertheless prove useful as the within component is inde-

pendent of market shares, which allows me to illustrate more clearly the contrast with the theo-

retical growth literature. The change in aggregate productivity is:

At − At−1 =
∫ Nct−1

0

Ai,t

Nct−1

di−
∫ Nct−1

0

Ai,t−1

Nct−1

di + ∆covct

+ SEt

(
AEt − Act

)
+ SXt

(
Act−1 − AXt−1

)
, (66)

where

∆covct =
∫ Nct−1

0

(
Si,t

Sct

− 1
Nct−1

)(
Ai,t − Act

)
di

−
∫ Nct−1

0

(
Si,t−1

Sct−1

− 1
Nct−1

)(
Ai,t−1 − Act−1

)
di (67)

Equation (66) can be re-expressed in proportional growth rates by dividing both sides by At−1.

The dynamic Olley Pakes decomposition is therefore:

gA
t =

∫ Nct−1

0

1
Nct−1

ai,t−1 gAi
t︸ ︷︷ ︸

Within

+
∆covct

At︸ ︷︷ ︸
Between

+ SEt

At

At−1

(
aEt − act

)
︸ ︷︷ ︸

Entry

+ SXt−1

(
act−1 − aXt−1

)
︸ ︷︷ ︸

Exit

, (68)

where ai,t =
Ai,t
At

, act =
Act
At

, aEt =
AEt
At

, aXt =
AXt
At

, and 1 + gAi
t = (1 + gZi

t )θ .
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This decomposition, highlights the contribution of different sources to aggregate productivity

growth. The first component is the within-firm growth rate; it keeps track of the change in absolute

productivity levels of all continuing firms. The second one describes the contribution to growth

of a reallocation of market shares between firms. The third and fourth are instead indicators of the

static importance of entry and exit respectively to the aggregate growth process, and they could

be further divided up into a within and a between component themselves.

I now show where the same two contributions presented above show up in this decomposition.

First, I can decompose the within component further by dividing it up in two parts, an average

growth and a heterogeneity component. Second, I can express relative productivity, growth rates,

market shares and number of surviving, entering or exiting establishments as functions of the

same variables, namely relative knowledge and the firm-specific productivity of R&D. With these

modifications, equation (68) becomes:

gA
t (zt−1, zt, αt, Et−1αt) =

gAi
t (zt−1, αt, Et−1αt)︸ ︷︷ ︸

Average growth

+
∫ Nct−1 (zt−1)

0

ai,t−1(zi,t−1)− 1
Nct−1(zt−1)

gAi
t (zi,t−1, αi,t, Et−1αi,t)di︸ ︷︷ ︸

Heterogeneity︸ ︷︷ ︸
Within

+
∆covct(zt, zt−1)

At(zt)︸ ︷︷ ︸
Between

−
cov
(

Ai,t−1(zi,t−1), Si,t−1(zi,t−1)
)

At−1(zt−1)
gWITHIN

t︸ ︷︷ ︸
Productivity Reward (cross-correlation)

+ SEt(zt)
At(zt)

At−1(zt−1)

(
aEt(zt)− act(zt)

)
︸ ︷︷ ︸

Entry

+ SXt−1(zt−1)
(

act−1(zt−1)− aXt−1(zt−1)
)

︸ ︷︷ ︸
Exit

, (69)

where zt is a vector of the relative knowledge of all firms and αt a vector of the research produc-

tivities, and gAi
t =

∫ Nct−1
0

1
Nct−1

gAi
t di represents the simple average of the productivity growth rates

of individual continuing establishments.

Understanding Heterogeneity

Heterogeneity enters the picture in the form of a covariance and of a correction term that

depends on selection among exiting firms. In what follows, I present a decomposition of the
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heterogeneity component to introduce the moments that are relevant in accounting for aggregate

growth.

Using the fact that
∫ Nct−1

0
1

Nct−1

(
ai,t−1 − act−1

)
di = 0, where ai,t =

Ai,t

At
and act =

Act
At

, and Ai,t =∫ Nt
0

Ai,t
Nt

di, the heterogeneity component can be divided further to better capture all elements that

it includes:

gHETEROGENEITY
t = +

(
act−1(zi,t−1)− 1

)
gAi

t (zt, αt, Et−1αt)︸ ︷︷ ︸
Survival selection

+ cov
(

gAi
t (zi,t, αi,t, Et−1αi,t), ai,t−1(zi,t−1)

)︸ ︷︷ ︸
Systematic churning

. (70)

Here, systematic churning is a covariance between relative productivity level and absolute

productivity growth rates across firms:

cov(gAi
t (.), ai,t−1(zi,t−1)) =∫ Nct−1 (zt−1)

0

1
Nct−1(zt−1)

(
gAi

t (.)− gAi
t (.)

)(
ai,t−1(zi,t−1)− act−1(zt−1)

)
di. (71)

It describes the nature of firm mobility within the relative productivity distribution. This com-

ponent is different from zero in the presence of heterogeneity in productivity growth rates across

firms, in productivity levels, and in the correlation between the two.

Equation (71) shows that churning does indeed create a wedge between the growth rate of the

within component and the average growth rate across firms even when the within component is

defined as an unweighted mean of individual productivities. Nevertheless, defining aggregate

productivity as a geometric mean, as opposed to an arithmetic mean, would lead to the disap-

pearance of heterogeneity from the decomposition, thus hiding the contribution of churning.

Quantitative Results

Table 12 shows the results from the decomposition presented in equation (69), where all com-

ponents are shown as shares of aggregate productivity growth, and equation (70), where all com-

ponents enter as shares of the within component.
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Table 12: Aggregate Growth Decomposition. All elements are expressed as a share of the growth
rate of aggregate productivity.

Within Cross-Corr Between Net Entry
92% -11% 23% -4%

Table 13 presents the contribution, as a share of the within component, of the elements that

determine the change in average productivity of surviving firms.

Table 13: Within Component Decomposition. All elements are expressed as a share of the within
component.

Average Growth Systematic Churning Survival Selection
114% -15% 1%

Another interesting result is that one-year-old firms account for a disproportionate share of

systematic churning, around 19% of it, while representing only 10% of the total number of sur-

viving firms. This accounts for −3% of the within component, while their average growth rate

accounts for 24% of the within component. This implies that overall one-year-old firms account

for 21% of the within growth rate, affecting disproportionally both the average growth rate of

productivity and churning.

G Figures

H Comparative Statics: Causes of Changing Business Dynamism

Here, I consider individually the effects of a decline in labor force growth and an increase in the

fixed operating cost.

H.1 Decline in Labor Force Growth

In this subsection, I discuss the effects of declining labor force growth. The decline in US labor

force growth is well-known: labor force growth in the period 2000-2014 was 1 percentage point

lower than in the period 1977 to 1999. The literature has already linked this slowdown to a re-

duction in entry (Hopenhayn et al., 2018; Karahan et al., 2019). This model can complement these
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Figure 7: R&D labor as a function of relative productivity for selected levels of R&D productivity.

analyses by discussing the impact on the aggregate productivity growth rate.

Table 14 shows the impact of reducing labor force growth by 1 percentage point on selected mo-

ments. Unsurprisingly, this change explains the entire reduction in net entry. However, although

the results are qualitatively in line with all changes in the dimensions of business dynamism, the

quantitative effect is quite far.

The effect on aggregate productivity growth is negative for two reasons. First, lower labor force

growth directly affects the semi-endogenous component of productivity growth: slower popula-

tion growth implies slower steady state growth in the number of firms, thus slower growth coming

from the expanding varieties channel. This is visible from proposition 1 and equation (31).

Second, a lower λ reduces the aggregate productivity growth rate through lower R&D. This

result is due to the reduction in the number of entrants, whose R&D productivity is on average

higher than incumbents.

Overall, the reduction in labor force growth is responsible for reducing the entry rate by almost

half of the data. Thus, despite not providing a comprehensive explanation for changing business

dynamism, this channel is nevertheless relevant.
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Table 14: Labor force growth declines by 1 percentage point

Moment Model Data
∆ Net entry rate -1pp -1pp US Census

∆ Entry rate -1.1pp -2.4pp US Census
∆ Reallocation rate -0.5pp -4pp US Census

∆ Reallocation rate (cont.) -0.1pp -0.7pp US Census
%∆ Lab. productivity growth -4% -53% (-1.5pp) FRB SF (’94-’04 vs ’05-’15 )

-14% (-0.2pp) FRB SF (’73-’93 vs ’05-’15 )
∆ R&D to GDP -4% (-0.1pp) +9%(+0.2pp) NIPA (’94-’04 vs ’05-’15 )

+23% (+0.4pp) NIPA (’77-’99 vs ’00-’14)
%∆ Average plant size +0.6% +4.4% US Census

H.2 Increasing Fixed Operating Cost

As Ghazi (2019) shows, the fixed operating cost has been rising over time, especially for large

firms. Here I consider an increase of Φ by 10% to match the change in average establishment size.

I summarize the effects in table 15.

The largest impact of this change is on the average establishment size, with a small effect on

the increased entry rate. This change in entry results from an increase in the number of firms

that find it unprofitable to stay in the market and decide to exit. Consequently, aggregate produc-

tivity growth increases because of a stronger cost-spreading effect that increases the incentive to

innovate.

Table 15: Fixed operating cost Φ increases by 10% to match the change in average plant size.

Moment Model Data
∆ Net entry rate 0pp -1pp US Census

∆ Entry rate +0.2pp -2.4pp US Census
∆ Reallocation rate +1.1pp -4pp US Census

∆ Reallocation rate (cont.) +0.8pp -0.7pp US Census
%∆ Lab. productivity growth +5% -53% (-1.5pp) FRB SF (’94-’04 vs ’05-’15 )

-14% (-0.2pp) FRB SF (’73-’93 vs ’05-’15 )
∆ R&D to GDP -5% (-0.1pp) +9%(+0.2pp) NIPA (’94-’04 vs ’05-’15 )

+23% (+0.4pp) NIPA (’77-’99 vs ’00-’14)
%∆ Average plant size (targeted) +4.4% +4.4% US Census
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