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 A B S T R A C T

We propose an endogenous growth model that accommodates increasing, constant, or decreas-
ing aggregate returns to scale with respect to the growth driving factor: quality-improving 
knowledge accumulated by firms in house. When aggregate production is non-linear in firm 
knowledge, the profitability of firms reflects that property, and entry (new product creation) 
responds accordingly. The consequent changes in market share offset the non-constant aggregate 
returns to scale and deliver constant firm-level returns to innovation in steady state. Because 
returns to innovation are constant, the steady-state growth rate of income per capita is constant 
and fully endogenous (i.e., dependent on policy parameters). The non-linearity with respect 
to the growth driving factor has testable implications for convergence dynamics. Specifically, 
the speed of convergence is decreasing (increasing) in the distance from the steady state 
when aggregate returns to firm knowledge are increasing (decreasing), causing asymmetric 
convergence dynamics. This propagation mechanism ensures that, subject to symmetric shocks, 
the average growth rate across shocks differs from the steady state rate, implying that these 
shocks’ frequency and magnitude are a determinant of long-run growth. The model reduces 
the growth dynamics to a single quadratic differential equation in the growth rate of GDP per 
capita. The quadratic term captures the non-linearity in convergence and uniquely identifies 
the aggregate returns to firm knowledge. We estimate this equation on a panel of countries 
in the post-industrial revolution era finding evidence of increasing aggregate returns to firm 
knowledge.

. Introduction

The conventional understanding in modern growth theory is that in lab-equipment models aggregate output must be a linear 
unction of the growth driving factor(s) to deliver a constant, scale-invariant, endogenous growth rate of output per capita. In 
his paper, we challenge this understanding by highlighting that entry of new firms creates a competitive pressure on profits that 
reserves constant firm-level returns to investment even when aggregate production is non-linear in the growth driving factor(s). 
e then develop a simple empirical representation that relies exclusively on income per capita data to estimate the key parameter 
f the aggregate production function.
Our argument relies on an endogenous growth model in which the growth-driving factor is quality-improving knowledge 

ccumulated by firms in house. Henceforth, we refer to this first model ingredient as “firm knowledge” for brevity.1 The second 
odel ingredient is profit-driven entry of new firms that bring to the market new goods in competition with the existing ones.2 The 
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1 Many contributions call the accumulation of quality-improving knowledge vertical innovation.
2 This activity is typically called horizontal or variety-expanding innovation.
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model’s core mechanism is thus simple: existing firms fight for the market share through incremental quality innovation; new firms 
develop new products to claim their own initial market share, thereafter joining the incremental fight for the market share as newly 
established incumbents that do their own quality innovation. For the purposes of this paper, the key property of this mechanism is 
that it allows for constant steady-state growth with increasing, constant or decreasing aggregate returns to firm knowledge.

When incumbent firms accumulate knowledge in house to increase product quality, their operating profits increase more or less 
than proportionally to the increase in their knowledge depending on whether the aggregate production function is convex or concave 
in (average) firm knowledge. With a single dimension of technology, this non-linearity would cause the return to firm investment to 
either rise or decline over time. However, the free entry condition ensures that the return to new product creation mirrors the return 
to firm investment because it is driven by the operating profits that entrants anticipate they will make. Hence, when the aggregate 
production function is convex (concave) in firm knowledge, profits rise more (less) than proportionally with firm knowledge, leading 
to a more (less) than proportionate increase in the number of firms, thus diluting (concentrating) the market share of incumbents. 
This market share dilution/concentration mechanism counters the curvature of aggregate production with respect to firm knowledge 
and delivers a constant rate of return to firm investment in steady state. The result is a constant steady-state firm investment rate 
and a constant steady-state economic growth rate regardless of whether aggregate production is convex, linear, or concave in firm 
knowledge.

Our key theoretical result, therefore, is that endogenous growth is a robust outcome: it occurs for any positive value of the 
parameter measuring the aggregate returns to firm knowledge. Moreover, whether aggregate production is convex, linear, or concave 
in firm knowledge has important qualitative implications for the dynamics of the growth rate that are testable. When the aggregate 
returns to firm knowledge are not constant, the model’s convergence dynamics are non-linear and the speed of convergence is 
asymmetric. The direction of this asymmetry depends exclusively on the parameter that determines the aggregate returns to firm 
knowledge. In particular, when growth is above its steady state value, the model converges faster than when growth is below 
its steady state value if aggregate returns to firm knowledge are decreasing. In the case of aggregate increasing returns, instead, 
convergence is faster from below.

This property has a novel implication. Due to the scale invariance property, the model features parameters that affect the 
detrended steady-state level of income per capita (level effect) but do not affect the steady-state growth rate of income per capita. 
Such parameters are those that affect the scale of the economy, like population and the land endowment. In particular, there is a 
specific combination of the population and land that regulates the scale of the economy. We refer to this combination as the scale 
factor. We then imagine two unforeseen and equally probable changes in the scale factor of opposite sign. That is, we construct a 
symmetric shock that with equal probability displaces the economy to the right or to the left of the steady state.3 The idea is to 
generate two possible transitions that occur with equal probability and start at the same distance from the steady state. We then 
compute the average growth rate across the two transition paths at any point in time and compare it to the steady state growth 
rate, which by construction is invariant to the two shocks. We find that under constant aggregate returns to firm knowledge, the 
average growth rate equals the steady state growth rate at any point in time. That is, the two symmetric shocks offset each other.4 
When aggregate returns to firm knowledge are not constant, instead, the offset does not occur.

The asymmetric convergence dynamics imply that convergence from above and from below occur at different speeds. Therefore, 
the growth rate spends more time away from its steady-state value in one case relative to the other. As a result, throughout the 
transition back to the steady state the across-shocks average growth rate is below the steady-state growth rate when aggregate returns 
to firm knowledge are decreasing. The reverse holds when aggregate returns to firm knowledge are increasing. This property says 
that shocks to the scale of the economy that do not affect the (deterministic) steady-state growth rate are nevertheless a potential 
determinant of the growth rate calculated as the average over a period of time, as in the standard empirical definition of long-
run growth. The reason is that they displace systematically the economy from the deterministic steady state and thus initiate a 
propagation process that is asymmetric. Therefore, even if the shocks are symmetric in terms of size and persistence, the economy 
responds asymmetrically, spending more time on one or the other side of the steady state. This results in a measured growth rate 
that differs from the deterministic growth rate.

The model reduces the growth dynamics to a quadratic differential equation in the growth rate of income per capita, which 
belongs to the Riccati class. This mathematical structure has important theoretical and empirical implications. On the theoretical 
front, the Riccati equation has an explicit analytical solution that allows for easy computation of the full growth dynamics subject 
to any initial condition. On the empirical side, the coefficient of the quadratic term governs whether the speed of convergence to 
steady-state growth increases, decreases, or stays constant as growth deviates from its steady-state value. Moreover, this coefficient 
depends uniquely on the parameter determining aggregate returns to firm knowledge. Therefore, we can run a simple regression 
based exclusively on income per capita data and identify precisely this key parameter of the model.

Specifically, we transform the differential equation describing the convergence process into a quadratic regression equation that 
we run on a panel of 19 countries for the post Industrial Revolution period. We find that the data favor a model with increasing 
aggregate returns to firm knowledge. Moreover, if we drop the quadratic term and focus on the nested linear representation, we 
obtain a linearized speed of convergence of 2% per year, in line with the common results from the conditional convergence literature. 

3 This is the simplest type of shock that we can consider. However, the result generalizes to any other type of shock that does not alter the steady state 
growth rate.

4 This property suggests that if we were to write a stochastic version of the model with symmetric shocks, we would obtain that the average growth rate 
equals the deterministic growth rate.
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Finally, we use our regression equation to compute the steady-state growth rate from the estimates of the coefficients and obtain 
realistic values for most of the countries in our sample.

Robustness has always been a main point of contention concerning endogenous growth. Stiglitz (1990) and Romer (1994) argued 
that the unwillingness to work with knife-edge assumptions on the engine-of-growth equations has prevented the development of 
endogenous growth models for decades, explaining the long gap between Solow (1956) and Solow (1957) and Romer (1986) and 
Romer (1990).

Several attempts had introduced key features of endogenous growth theory long before Romer, such as profit-driven private 
R&D investment for the purpose of accumulating knowledge, a non-rival and partially non-excludable factor, and monopolistic 
competition that allows for pricing above marginal costs to compensate R&D investment (see, among many others, Arrow, 1962; 
Nordhaus, 1969; Judd, 1985; Grossman and Helpman, 1989). However, none of these attempts deployed the ingredient that later 
became recognized as the key to endogenous growth.

In his account of the origins of the theory, Romer (1994, p. 18), says that “Nordhaus and Arrow both worked at a time when 
there was real concern about the knife-edge character of the assumptions about 𝜙”, where 𝜙 is the parameter measuring aggregate 
returns to knowledge in the engine-of-growth equation of his 1990 model of knowledge accumulation. Likewise, he says about Judd 
(1985) and Grossman and Helpman (1989) that “like Nordhaus and Arrow, they stayed well away from the case where 𝜙 was equal 
to 1.”

This standstill ended when Romer (1986) proposed his first model in which a sustained rate of economic growth originates from 
the endogenous accumulation of technological knowledge according to a linear equation. Unsatisfied that the model could not handle 
profit-driven knowledge accumulation by firms, Romer developed the 1990 model, which shares the same linear mathematical 
representation of knowledge accumulation. Given the preference for simple models that produce a constant growth rate of income 
per capita, in those early days the theory of endogenous growth developed around the knife-edge assumption of constant returns 
to knowledge in knowledge accumulation, with the understanding that robustness was desirable but an unnecessary mathematical 
complication. In his recent and exhaustive review of the field, Bond-Smith (2019) argues that the tradeoff between getting rid of 
the knife-edge assumption and delivering constant growth rates lasted until Peretto’s development of a model of robust endogenous 
growth (2018), which showed that in a lab-equipment model of the class that we study in this paper, an endogenous and constant 
growth rate of income per capita can emerge even in the presence of aggregate increasing returns to knowledge.

This paper builds on this tradition and makes four main contributions. First, it goes beyond Peretto (2018) by showing that 
it is possible to obtain the same results even with decreasing aggregate returns to knowledge, thus overturning the conventional 
wisdom in growth theory. In this sense, endogenous growth theory becomes super-robust. Second, we illustrate the importance for 
out-of-steady-state dynamics of the parameter that determines the aggregate returns to firm knowledge. This parameter determines 
the direction of the asymmetry in the speed of convergence and is thus identified cleanly by the data. Therefore, third, we exploit 
this property to estimate the aggregate returns to firm knowledge from the data.5 Moreover, fourth, we estimate the steady-state 
growth rate from the regression equation that we obtain from the model’s transitional dynamics instead of imposing it as an external 
estimate as in the conditional convergence regressions tradition.6

Our empirical strategy focuses on the speed of convergence, a topic reviewed by Durlauf et al. (2005) and more recently by 
Johnson and Papageorgiou (2020). Our approach is quite different from this tradition. First, due to the nature of our work, we are 
concerned exclusively with countries that grow predominantly through expanding the knowledge frontier. Therefore, we exclude 
emerging or low-income economies where the theory that we propose is less relevant. Exogenous variation is, therefore, not in the 
initial income levels but in exogenous changes to their initial growth rate of income, after which the growth rate is expected to 
converge to its steady-state value. Second, although the speed of convergence that we obtain when we use a linear approximation of 
our quadratic equation aligns with the literature, our focus is primarily on the non-linearity of our equation because our theoretical 
model says that convergence accelerates or decelerates due to specific properties of the knowledge accumulation process that the 
literature has so far ignored.

Importantly, our concept of convergence differs from related concepts emphasized in the aforementioned literature. In this paper, 
the convergence implied by the model is a time-series concept, defined as the country-specific process of reversion to a stationary 
growth rate. The convergence property predicted by the model and tested empirically is the stationarity of the time series of GDP 
per capita growth in a neighborhood of its steady-state value. Because we model a closed economy in the modern sustained-growth 
regime, our results do not speak to conditional or absolute convergence to a point in the cross-country GDP per capita distribution, 
or to the dynamics of the transition from stagnation to sustained growth. Although the theoretical model could be used to study 
these topics, we leave that for future research.

We organize the paper as follows. Section 2 sets up the model. Section 3 constructs the model’s equilibrium and derives the 
representation of the dynamics. Section 4 derives and discusses our robustness result. Section 5 constructs the mapping between 
model and data. Section 6 performs the estimation and discusses the paper’s empirical result. Section 8 concludes.

5 An example of the type of application that is possible within this framework is Chu et al. (2025). Whereas this paper focuses on the theoretical implications 
of non-constant returns to knowledge accumulation and estimates such returns, that paper studies the relevance of government expenditure for the timing of the 
industrial takeoff and the subsequent evolution of economic growth.

6 In conditional convergence regressions, the steady-state growth rate is typically calculated as the slope of the linear representation of the log of GPD per 
capita. This is valid for some countries (e.g., USA, UK) but not for all. Moreover, the practice is to impose that the steady-state growth rate is the same for all 
countries.
3 
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2. Model

A representative household earns income from financial assets, labor and land and makes consumption/saving and labor/leisure 
choices. The production sector consists of a representative competitive firm that assembles a final good from a set of differentiated 
intermediate goods, each supplied by a monopolist that accumulates quality-improving knowledge in house (vertical innovation). 
Entrants create new intermediate goods (horizontal innovation) to capture a share of the intermediate goods market according to a 
free-entry condition.

2.1. Household

The representative household has lifetime utility function 

𝑈 = ∫

∞

0
𝑒−𝜌𝑡𝛬 (𝑡) [ln 𝑐 (𝑡) + 𝜂 ln (1 − 𝑙 (𝑡))] 𝑑𝑡, 𝜌 > 𝜆 > 0, 𝜂 ≥ 0 (1)

where the parameter 𝜌 is the subjective discount rate and 𝛬 (𝑡) = 𝛬0𝑒𝜆𝑡 is the mass of identical household members (population) 
which grows at the exogenous rate 𝜆. The variable 𝑐 denotes consumption per capita of a final good (our numeraire good) defined 
in the next subsection. Aggregate consumption is 𝐶 ≡ 𝑐𝛬. Finally, the variable 𝑙 ∈ (0, 1] is the fraction of time that each household 
member allocates to work and the parameter 𝜂 determines the importance of leisure relative to consumption.

The household maximizes utility subject to the asset-accumulation equation 
𝐴̇ = 𝑟𝐴 +𝑤𝐿𝐿 +𝑤𝛺𝛺 − 𝐶, (2)

where 𝐴 is financial wealth, 𝑟 is the real interest rate, 𝑤𝐿 is the real wage and 𝑤𝛺 is the real price of land services, which the 
household supplies inelastically from the fixed endowment 𝛺. Dynamic optimization yields the Euler equation 

𝑟 = 𝜌 − 𝜆 + 𝐶̇
𝐶

(3)

and the individual labor supply curve 

𝑙 = 1 −
𝜂𝐶∕𝛬
𝑤𝐿

. (4)

2.2. Final good

A representative competitive firm produces the final good with the technology 

𝑌 = ∫

𝑁

0
𝑋𝜃

𝑖
(

𝑍𝛼
𝑖 𝑍

𝜅−𝛼𝐿𝛾
𝑖𝛺

1−𝛾)1−𝜃 𝑑𝑖, 𝜃, 𝛾 ∈ (0, 1) , 𝛼 > 0, 𝜅 > 0 (5)

where 𝑁 is the mass of differentiated intermediate goods that the economy knows how to produce at a point in time, 𝑋𝑖 is the 
quantity of intermediate good 𝑖, 𝑍𝑖 is the knowledge of firm 𝑖 and 𝑍 ≡ ∫ 𝑁

0
(

𝑍𝑗∕𝑁
)

𝑑𝑗 is average firm knowledge. We interpret this 
Cobb–Douglas production structure as featuring constant returns to scale (CRS) with respect to two rival inputs, intermediate goods 
and a knowledge-augmented composite of labor and land. The augmentation term is 𝑍𝛼

𝑖 𝑍
𝜅−𝛼 .

This structure treats labor as rival with respect to intermediate goods, that is, the labor 𝐿𝑖 assigned to intermediate 𝑖 cannot 
simultaneously work with intermediate 𝑗 ≠ 𝑖. The structure also treats the land input 𝛺 as non-rival across intermediate goods 
and not subject to congestion. Consequently, the technology features social returns to variety of degree 1 − 𝛾 (more on this below). 
Moreover, as shown in previous work, this structure delivers endogenous growth with 𝜅 = 1, a restriction that reduces the model 
to the one first presented in Peretto (2015) and further elaborated in Peretto (2018).

Differently from those previous contributions, in this paper we do not impose a priori restrictions on the parameters designed 
to produce endogenous growth driven by the accumulation of knowledge by firms but, instead, we derive such restrictions from 
the equilibrium of the model under two criteria. First, the model must produce a steady state with endogenous growth defined as 
in Romer (1986), Romer (1990), that is, a constant growth rate of income per capita that is (a) generated within the model and 
(b) subject to policy action. Second, the model must deliver a transition to the steady state with endogenous growth. Our main 
theoretical result is that the model admits 𝜅 ⋚ 1 because it generates endogenous growth as defined by Romer regardless of whether 
in equilibrium the reduced-form aggregate production function is concave, linear or convex in average firm knowledge 𝑍, which is 
the model’s growth driving factor.

To close this subsection, we now characterize the behavior of the representative final producer. Profit maximization yields the 
conditional demands for labor and land, 

𝐿 = 𝛾 (1 − 𝜃) 𝑌
𝑤𝐿

𝑎𝑛𝑑 𝛺 = (1 − 𝛾) (1 − 𝜃) 𝛺
𝑤𝛺

, (6)

and the conditional demand for each intermediate good, 

𝑋𝑖 =
(

𝜃
𝑝𝑖

)
1

1−𝜃
𝑍𝛼

𝑖 𝑍
𝜅−𝛼𝐿𝛾

𝑖𝛺
1−𝛾 , (7)

where 𝑝𝑖 is the price of good 𝑖. Accordingly, the final producer pays 𝑤𝐿𝐿 = 𝛾 (1 − 𝜃) 𝑌  for labor, 𝑤𝛺𝛺 = (1 − 𝛾) (1 − 𝜃) 𝑌  for land 
and 𝜃𝑌 = ∫ 𝑁𝑡 𝑝 𝑋 𝑑𝑖 for intermediate goods.
0 𝑖 𝑖

4 
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2.3. Intermediate goods

A monopolistic firm produces intermediate good 𝑖 with a linear technology that uses 𝑋𝑖 units of final good to produce 𝑋𝑖 units 
of intermediate good 𝑖 at quality 𝑍𝑖. This implies that the marginal cost of production is one. The firm also pays 𝜙𝑍 units of final 
good as a fixed operating cost.7 Finally, to improve the quality of its product, the firm allocates 𝐼𝑖 units of final good to in-house 
R&D with the innovation technology 

𝑍̇𝑖 = 𝜁𝐼𝑖, 𝜁 > 0. (8)

The firm’s gross profit is 

𝛱𝑖 =
(

𝑝𝑖 − 1
)

𝑋𝑖 − 𝜙𝑍 =
(

𝑝𝑖 − 1
)

(

𝜃
𝑝𝑖

)
1

1−𝜃
𝑍𝛼

𝑖 𝑍
𝜅−𝛼𝐿𝛾

𝑖𝛺
1−𝛾 − 𝜙𝑍 (9)

and the value of the firm is 
𝑉𝑖 (𝑡) = ∫

∞

𝑡
𝑒− ∫ 𝑠

𝑡 𝑟𝑢𝑑𝑢
[

𝛱𝑖 (𝑠) − 𝐼𝑖 (𝑠)
]

𝑑𝑠. (10)

The firm maximizes (10) subject to (7) and (8).
This firm-level problem is well defined if and only if it features concavity with respect to the firm-specific state variable 𝑍𝑖, which 

requires 0 < 𝛼 < 1. We stress that this restriction has nothing to do with the ability of the model to generate endogenous growth but 
is due to the model’s deeper micro structure, in particular, the requirement that the investment problem of the typical intermediate 
firm be well-defined in the sense that the individual firm cannot take over the entire intermediate goods market exploiting firm-level 
dynamic increasing returns to scale that are too strong.

Dynamic optimization of the monopolistic firm yields the unconstrained profit-maximizing markup ratio 1∕𝜃. However, we follow 
Chu et al. (2025) to allow for diffusion of knowledge from monopolistic firms to competitive fringe firms, which can produce 𝑋𝑖
with the same quality 𝑍𝑖 but at the higher marginal cost 𝜇 > 1.8 To price these fringe firms out of the market, the monopolistic firm 
sets 

𝑝𝑖 = min {𝜇, 1∕𝜃} = 𝜇, (11)

where we assume 𝜇 < 1∕𝜃. The firm’s optimization problem also yields the rate of return to in-house R&D

𝑟𝑍𝑖 = 𝛼𝜁 (𝜇 − 1)
𝑋𝑖
𝑍𝑖

,

which is proportional to quality-adjusted firm size 𝑋𝑖∕𝑍𝑖.
The process of firm creation is as follows. A new firm pays 𝛽𝑋 units of the final good, where 𝛽 > 0 is an entry-cost parameter 

and 𝑋 ≡ ∫ 𝑁
0

(

𝑋𝑗∕𝑁
)

𝑑𝑗 is average firm size, to develop a new differentiated good with average quality 𝑍 and start serving the 
market.9 Once in the market, the new firm behaves like the typical incumbent characterized above. Therefore, at any point in time 
the value of all firms – incumbents and entrants – is governed by the asset-pricing equation 

𝑟𝑁𝑖 =
𝛱𝑖 − 𝐼𝑖

𝑉𝑖
+

𝑉̇𝑖
𝑉𝑖

. (12)

When entry is positive, the free-entry condition 𝑉𝑖 = 𝛽𝑋 holds.
As shown in previous contributions (e.g., Peretto, 2015), the industry equilibrium of this model is symmetric, i.e., firms set 

identical prices and grow at the same rate. Therefore, henceforth we can drop the firm subscript 𝑖 and interpret firm-level variables 
as industry averages. Accordingly, substituting (7), (8), (9), (11) and 𝑉𝑖 = 𝛽𝑋 into (12) yields the return to entry as

𝑟𝑁 = 1
𝛽

(

𝜇 − 1 −
𝜙 + 𝑧
𝑋∕𝑍

)

+ 𝑋̇
𝑋

,

where 𝑧 ≡ 𝑍̇∕𝑍 is the average growth rate of quality, which is also the growth rate of average quality. The return to entry 𝑟𝑁 , 
equivalently, the return to equity holding, is increasing in quality-adjusted firm size 𝑋∕𝑍.

3. Equilibrium dynamics

In this section we construct the equilibrium dynamics of the model in the three different cases of decreasing, constant, or 
increasing returns to the growth driving factor, 𝑍. To do so, we define a composite variable that serves as the fundamental state 
variable of the model and show that the global dynamics of the model reduces to a single differential equation in this variable.

7 Our results are robust to a more general specification for the fixed operating cost: 𝜙𝑍𝜒
𝑡 (𝑖)𝑍

1−𝜒
𝑡 , where 𝜒 ∈ (0, 1). The specification in the text with 𝜒 = 0 is 

the simplest one.
8 This characterization is not necessary to derive the model’s theoretical properties but is convenient for its calibration because it disentangles the markup 

from the parameter 𝜃.
9 This characterization of entry preserves the symmetry of the intermediate goods market equilibrium at all times. Furthermore, the dependence of the entry 

cost on 𝑋 ensures that the steady state entry rate is trendless. The reason is that production costs increase linearly in 𝑋 as well. In a growing economy the 
entry cost must scale with the production cost to ensure that the ratio of resources devoted to the two activities remains constant. See Klenow and Li (2024) 
for recent empirical evidence showing that the entry costs scale with the level of economic development, which supports our assumption.
5 
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3.1. Equilibrium

The equilibrium of this economy is a time path of allocations {𝐴,𝐶,𝐿, 𝑌 ,𝑋, 𝐼} and prices {𝑟, 𝑤𝐿, 𝑤𝛺 , 𝑝, 𝑉
} such that:

• the household chooses consumption and labor supply to maximize utility taking prices as given;
• the competitive final producers maximize profits taking prices as given;
• the monopolistic intermediate firms choose {𝑝, 𝐼} to maximize 𝑉  taking 𝑟 as given;
• the entrants make decisions taking the maximized value 𝑉  as given;
• the aggregate value of monopolistic firms equals the household’s wealth, 𝐴 = 𝑁𝑉 ;
• the labor market clears;
• the market for the final good clears, 𝑌 = 𝐶 + 𝐺 +𝑁 (𝑋 + 𝜙𝑍 + 𝐼) + 𝑁̇𝛽𝑋.

3.2. Output, firm size and growth

In our symmetric equilibrium, Eqs. (7) and (11) yield the reduced-form aggregate production function 

𝑌 =
(

𝜃
𝜇

)
𝜃

1−𝜃
𝑁1−𝛾𝑍𝜅𝐿𝛾𝛺1−𝛾 , (13)

where the elasticity of output with respect to firm knowledge, 𝑍, is 𝜅. Note that by construction the parameter 𝛼 < 1 that regulates 
the private returns to firm knowledge drops out of this representation, leaving the unrestricted parameter 𝜅, that regulates the 
aggregate or social returns to firm knowledge, to be the sole determinant of the accumulation dynamics.10 Recall that the final 
producer spends 𝑁𝑝𝑋 = 𝜃𝑌  on intermediate goods. Therefore, GDP in this economy is 

𝐺 = 𝑌 −𝑁𝑋 −𝑁𝜙𝑍 =
[

1 − 𝜃
𝜇

(

1 +
𝜙

𝑋∕𝑍

)]

𝑌 . (14)

Using (7) and (11), we express quality-adjusted firm size as

𝑋
𝑍

=
(

𝜃
𝜇

)
1

1−𝜃
𝑍𝜅−1

( 𝐿
𝑁

)𝛾
𝛺1−𝛾 = 𝜛𝑍𝜅−1𝛬𝛾𝛺1−𝛾

𝑁𝛾 = 𝜛𝑥,

where for notational convenience we define the composite parameter 

𝜛 ≡
(

𝜃
𝜇

)
1

1−𝜃
[

1 + 𝜂 +
𝜂𝛽𝜃(𝜌 − 𝜆)
𝜇(1 − 𝜃)

]−𝛾
, (15)

and the composite state variable 

𝑥 ≡ 𝑍𝜅−1𝛬𝛾𝛺1−𝛾

𝑁𝛾 . (16)

This composite state variable compresses the three state variables 𝛬 (population), 𝑍 (average quality) and 𝑁 (mass of prod-
ucts/firms) and therefore makes the analysis of the model’s dynamics remarkably simple.

For the purposes of this paper, we focus on the model’s equilibrium when both horizontal and vertical innovation are active. 
When the free-entry condition holds, the consumption–output ratio 𝐶∕𝑌  jumps to its steady-state value11

(𝐶
𝑌

)∗
= 1 − 𝜃 +

𝛽𝜃
𝜇
(𝜌 − 𝜆). (17)

The combination of labor supply (4) and labor demand (6) then yields the equilibrium fraction of time allocated to work 

𝑙∗ = 1
1 + 𝜂

1−𝜃
𝐶
𝑌

= 1

1 + 𝜂
[

1 + 𝛽𝜃(𝜌−𝜆)
𝜇(1−𝜃)

] . (18)

The growth rate of final output then is 
𝑌̇
𝑌

= 𝛾𝜆 + (1 − 𝛾) 𝑛 + 𝜅𝑧. (19)

This growth rate has two components: the growth rate of product variety, 𝑛 ≡ 𝑁̇∕𝑁 , and growth rate of product quality, 𝑧 ≡ 𝑍̇∕𝑍. 
The associated growth rate of GDP per capita is 

𝑔 ≡ 𝐺̇
𝐺

− 𝜆 = 𝑌̇
𝑌

− 𝜆 +
𝜃
𝜇

𝜙
𝜛𝑥

1 − 𝜃
𝜇

(

1 + 𝜙
𝜛𝑥

)

𝑥̇
𝑥
. (20)

The last term in this expression describes the contribution to GDP growth of the static economies of scale due to the fixed operating 
cost, the term in brackets in Eq.  (14).

10 Specifications that allow 𝛼 to affect the dynamics are feasible and do not change the paper’s results. We prefer the specification in the text because it 
cleanly and unambiguously identifies the social returns to firm knowledge – aggregate rather than a firm-level concept – as the key to the model’s dynamics.
11 See Peretto, 2015 for the case 𝜅 = 1. The proof is identical for the other two cases that we study in this paper (see, e.g., Peretto, 2018 for the case 𝜅 > 1).
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3.3. Rates of return and equilibrium law of motion

We now use Eq.  (16) to write the rate of return to firm innovation as 
𝑟 = 𝛼𝜁 (𝜇 − 1)𝜛𝑥 (21)

and the rate of return to entry as 

𝑟 = 1
𝛽

[

𝜇 − 1 −
𝜙 + 𝑧∕𝜁
𝜛𝑥

]

+ 𝑌̇
𝑌

− 𝑛. (22)

Both rates of return are increasing in quality-adjusted firm size 𝑋∕𝑍 = 𝜛𝑥 and are thus decreasing in the mass of firms. This 
property captures the main force driving this class of models: as the mass of firms rises, each firm captures a smaller share of the 
market and experiences falling profitability and thereby a weaker incentive to innovate.

These two expressions are important for our purposes. As the returns to vertical and horizontal innovation are functions of only 
one variable, 𝑥, proving that the returns to innovation are constant requires proving the existence of a steady state for the variable 
𝑥. To do it, we proceed as follows. Eq. (16) yields the equilibrium law of motion 

𝑥̇
𝑥
= 𝛾𝜆 + (𝜅 − 1) 𝑧 − 𝛾𝑛. (23)

In this expression, the entry rate 𝑛 and the quality growth rate 𝑧 are increasing functions of quality-adjusted firm size 𝜛𝑥 (as we 
show below). The core of the analysis in this section is the characterization of these two functions as equilibrium objects.

Since 𝐶∕𝑌  is constant, the Euler equation becomes 𝑟 = 𝜌 − 𝜆 + 𝑌̇ ∕𝑌 . We combine this result with the returns to firm innovation 
and to firm entry to write: 

𝑌̇
𝑌

= 𝛼𝜁 (𝜇 − 1)𝜛𝑥 − 𝜌 + 𝜆; (24)

𝑛 = 1
𝛽𝜛𝑥

[

(𝜇 − 1)𝜛𝑥 − 𝜙 − 𝑧
𝜁

]

− 𝜌 + 𝜆. (25)

Using these two expressions and Eq.  (19), a little bit of algebra yields the growth rate of quality 𝑧 as a function of the state variable 
𝑥, namely, 

𝑧 (𝑥) =
𝛼𝜁 (𝜇 − 1)𝜛𝑥 − 1−𝛾

𝛽 (𝜇 − 1) − 𝛾𝜌 + 𝜙 1−𝛾
𝛽𝜛𝑥

𝜅 − 1−𝛾
𝛽𝜛𝑥

1
𝜁

. (26)

This expression says that quality growth is positive if and only if 𝑥 > 𝑥𝑍 , where 

𝑥𝑍 ≡ arg solve
𝑥

{

𝛼𝜁 (𝜇 − 1)𝜛𝑥 + 𝜙
1 − 𝛾
𝛽𝜛𝑥

=
1 − 𝛾
𝛽

(𝜇 − 1) + 𝛾𝜌
}

. (27)

Substituting (26) in (25) and rearranging terms, we write 

𝑛 (𝑥) =
(𝜇 − 1)𝜛𝑥 − 𝜙

𝛽𝜛𝑥
− 1

𝜁

𝛼𝜁 (𝜇 − 1)𝜛𝑥 − 1−𝛾
𝛽 (𝜇 − 1) − 𝛾𝜌 + 𝜙 1−𝛾

𝛽𝜛𝑥

𝜅𝛽𝜛𝑥 − 1−𝛾
𝜁

− 𝜌 + 𝜆, (28)

which expresses the rate of entry as a function of the state variable 𝑥. This equation as well identifies a threshold

𝑥𝑁 ≡ arg solve
𝑥

⎧

⎪

⎨

⎪

⎩

(𝜇 − 1)𝜛𝑥 − 𝜙
𝛽𝜛𝑥

− 1
𝜁

𝛼𝜁 (𝜇 − 1)𝜛𝑥 − 1−𝛾
𝛽 (𝜇 − 1) − 𝛾𝜌 + 𝜙 1−𝛾

𝛽𝜛𝑥

𝜅𝛽𝜛𝑥 − 1−𝛾
𝜁

= 𝜌

⎫

⎪

⎬

⎪

⎭

,

such that investment in variety growth is zero for 𝑥 ≤ 𝑥𝑁 . Following the literature, we work with initial conditions such that 𝑥 > 𝑥𝑁 .
The model’s global dynamics are well-defined for (𝜇 − 1)𝜛𝑥 > 𝜙, which yields positive firm profit, and thus one can use the 

model to study topics like the transition from stagnation to sustained growth (see, e.g., Peretto, 2015). For the purpose of this paper, 
however, restricting our attention to the region 𝑥 > 𝑥𝑍 is sufficient since we are interested in the model’s behavior when both 𝑛
and 𝑧 are positive. We thus use Eqs. (26) and (28) to write the equilibrium law of motion

𝑥̇ = (𝜅 − 1) 𝑧 (𝑥) 𝑥 +
𝛾
𝛽𝜛

𝑧 (𝑥)
𝜁

+ 𝛾𝜌𝑥 −
𝛾
𝛽
(𝜇 − 1) 𝑥 +

𝛾𝜙
𝛽𝜛

.

After a bit of algebra, the expression reduces to 

𝑥̇ =
𝜔2𝑥2 − 𝜔1𝑥 + 𝜔0

𝜅 − 1−𝛾
𝛽𝜛𝜁

1
𝑥

, (29)

where: 
𝜔 ≡ 𝜅 − 1 𝛼𝜁 (𝜇 − 1)𝜛; (30)
2 ( )
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𝜔1 ≡ (𝜇 − 1) 1
𝛽
[𝜅 − 1 + 𝛾 (1 − 𝛼)] − 𝛾𝜌 > 0; (31)

𝜔0 ≡
[

(𝜅 − 1 + 𝛾)𝜙 −
𝛾𝜌
𝜁

]

1
𝛽𝜛

> 0. (32)

This is an extremely parsimonious expression. The numerator is a quadratic form. The denominator is positive for 𝑥 sufficiently 
large, i.e., for 𝑥 > 𝑥𝑍 > 1−𝛾

𝛽𝜛𝜅𝜁 . Therefore, establishing that the model delivers endogenous growth with decreasing, constant, or 
increasing aggregate returns to firm knowledge simply requires showing that Eq.  (29) has a unique stable steady state.

3.4. The steady state

The steady state that interests us is the solution 

𝑥∗ =
𝜔1 −

√

𝜔2
1 − 4𝜔2𝜔0

2𝜔2
; (33)

of the quadratic equation 
𝜔2𝑥

2 − 𝜔1𝑥 + 𝜔0 = 0. (34)

We then obtain the steady-state rates of vertical and horizontal innovation: 

𝑧∗ =
𝛼𝜁 (𝜇 − 1)𝜛𝑥∗ − 1−𝛾

𝛽 (𝜇 − 1) − 𝛾𝜌 + 𝜙 1−𝛾
𝛽𝜛𝑥∗

𝜅 − 1−𝛾
𝛽𝜛𝑥∗

1
𝜁

; (35)

𝑛∗ =
(𝜇 − 1)𝜛𝑥∗ − 𝜙

𝛽𝜛𝑥∗
− 1

𝜁

𝛼𝜁 (𝜇 − 1)𝜛𝑥∗ − 1−𝛾
𝛽 (𝜇 − 1) − 𝛾𝜌 + 𝜙 1−𝛾

𝛽𝜛𝑥∗

𝜅𝛽𝜛𝑥∗ − 1−𝛾
𝜁

− 𝜌 + 𝜆. (36)

The associated growth rate of GDP per capita is 
𝑔∗ = 𝛼𝜁 (𝜇 − 1)𝜛𝑥∗ − 𝜌, (37)

which we can also write
𝑔∗ = 𝛾𝜆 + (1 − 𝛾) 𝑛∗ + 𝜅𝑧∗ − 𝜆 = (1 − 𝛾)

(

𝑛∗ − 𝜆
)

+ 𝜅𝑧∗

to emphasize the different contributions of the two innovation rates.

4. Super-robust endogenous growth (SREG)

In this section we derive the paper’s main theoretical result, namely, the model produces constant endogenous growth 
independently of whether the reduced-form production function (13) is concave, linear or convex in the engine-of-growth factor, 𝑍. 
Fig.  1 illustrates the three cases of constant, increasing, and decreasing aggregate returns to firm knowledge. The figure describes 
the combination of variety-expanding and quality-improving innovation rates that balances the various forces to deliver a steady 
state with constant endogenous growth. Specifically, the figure shows the solution of the equation

(𝜅 − 1) 𝑧 (𝑥) = 𝛾 [𝑛 (𝑥) − 𝜆] .

In particular, one curve shows the growth rate of firm knowledge as the function 𝑧 (𝑥) multiplied by the deviation of the aggregate 
return to knowledge 𝜅 from the canonical benchmark value of 1, while the other curve shows the growth rate of the number of 
firms per capita 𝑛 (𝑥)−𝜆 multiplied by the elasticity of final output with respect to labor 𝛾. The economy is in steady-state when the 
two curves intersect. This happens at a growth rate of the number of firms per capita that is positive, zero, or negative depending 
on whether the returns to firm knowledge are increasing (𝜅 > 1), constant (𝜅 = 1), or decreasing (𝜅 < 1). We state formally our first 
theoretical result in the following proposition.

Proposition 1 (SREG). In each of the three cases 𝜅 > 1 (increasing returns to knowledge), 𝜅 = 1 (constant returns), and 𝜅 < 1 (decreasing 
returns), a unique stable steady state with constant endogenous growth exists under a thick set of parameter values. This set consists of the 
inequality conditions that guarantee that the solution 𝑥∗ in Eq.  (33) exists, is real and is positive plus the inequality condition that yields 𝑔∗
positive in Eq.  (37).

To prove this proposition, we need to characterize the combinations of parameters that deliver a unique endogenous-growth 
steady state that is stable under the model’s dynamics. To establish stability, we use the phase diagrams in Fig.  2 and note that it 
shows that the inequality 

𝑥̇
(

𝑥𝑍
)

> 0 ⇒
𝜔2𝑥2𝑍 − 𝜔1𝑥𝑍 + 𝜔0

𝜅 − 1−𝛾 1
> 0 (38)
𝛽𝜛𝜁 𝑥𝑍
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Fig. 1. Steady-State: Solution to (𝜅 − 1) 𝑧 (𝑥) = 𝛾 [𝑛 (𝑥) − 𝜆] in the Three Cases.
Note: For simplicity we show only the graph for values of 𝑥 > 𝑥𝑍 .

Fig. 2. Phase Diagram.
Note: For simplicity we show only the phase diagram for values of 𝑥 > 𝑥𝑍 .

ensures that 𝑥̇ > 0 for all 𝑥 < 𝑥∗. We call this restriction on the model’s parameters the full transition condition. We proceed then 
case by case.

The canonical case 𝜅 = 1. Since 𝜔2 = 0, we have 

𝑥∗ =
𝜔0
𝜔1

= 1
𝜛

𝜙 − 𝜌
𝜁

(𝜇 − 1) (1 − 𝛼) − 𝜌𝛽
. (39)

The associated growth rate of income per capita is 
𝑔∗ = 𝛼𝜁 (𝜇 − 1)𝜛𝑥∗ − 𝜌 = (1 − 𝛾)

(

𝑛∗ − 𝜆
)

+ 𝑧∗ = 𝑧∗, (40)

since 𝑛∗ = 𝜆. The conditions for endogenous growth then are: (i) the values 𝑥∗, 𝑔∗ and 𝑧∗ exist and are positive; (ii) under the 
model’s dynamics the state variable 𝑥 converges to the steady state 𝑥∗ from any initial condition 𝑥 . In this simple case, the latter 
0
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condition is

𝑥̇
(

𝑥𝑍
)

> 0 ⇒
−𝜔1𝑥𝑍 + 𝜔0

𝜅 − 1−𝛾
𝛽𝜛𝜁

1
𝑥𝑍

=

(

𝑥∗ − 𝑥𝑍
)

𝜔1

𝜅 − 1−𝛾
𝛽𝜛𝜁

1
𝑥𝑍

,

which reduces to 

𝑥∗ > 𝑥𝑍 >
1 − 𝛾
𝜅𝛽𝜛𝜁

⇒
𝜙 − 𝜌

𝜁

(𝜇 − 1) (1 − 𝛼) − 𝜌𝛽
> 𝜛𝑥𝑍 >

1 − 𝛾
𝜅𝛽𝜁

. (41)

The phase diagram then says that if the steady state 𝑥∗ exists, it is stable and therefore the global attractor of the full dynamical 
system. The condition for 𝑥∗ > 0 is 

𝜙 − 𝜌
𝜁

(𝜇 − 1) (1 − 𝛼) − 𝜌𝛽
> 0, (42)

which requires that both the numerator and the denominator of (39) be positive. The conditions for 𝑔∗ = 𝑧∗ > 0 adds the inequality 

𝜙 − 𝜌
𝜁

(𝜇 − 1) (1 − 𝛼) − 𝜌𝛽
>

𝜌
𝛼𝜁 (𝜇 − 1)

, (43)

which surely holds given the existence condition (42). Summarizing, the conditions that ensure that the economy converges to 
𝑥∗ under the model’s equilibrium dynamics, where 𝑥∗ exhibits endogenous growth, are the existence condition (42) and the 
full transition condition (41). Noting that the inequality (41) implies the inequality (42), we conclude that the full transition 
condition (41) is sufficient for our existence and stability result. We stress that all that we discussed here are inequality restrictions; 
to deliver endogenous growth, the model does not require an equality restriction on the parameters akin to the knife-edge condition 
discussed in the Introduction that characterizes the first-generation models of endogenous growth.

The general case 𝜅 ≠ 1. The conditions for 𝑥∗ > 0 are simply that 𝑥∗ exists, is real and is positive, that is:
𝜔2
1 − 4𝜔2𝜔0 > 0;

𝜔1 −
√

𝜔2
1 − 4𝜔2𝜔0

2𝜔2
> 0.

In this case as well these are inequality restrictions on the parameters. We then add the restrictions for 𝑔∗ > 0 and 𝑧∗ > 0 and the 
full transition condition (38). Fig.  1 aids in seeing how these conditions relate to each other. It also shows that this general case 
exhibits the property that the steady-state entry rate, 𝑛∗, is increasing or decreasing in the growth rate of quality, 𝑧∗. In other words, 
quality innovation is either so effective that it creates room for variety growth faster than in the canonical case 𝜅 = 1, which yields 
𝑛∗ = 𝜆, or so ineffective that it requires variety growth slower than in the canonical case. To understand why the model generates 
constant growth under seemingly explosive or implosive conditions, we revisit Eq.  (16) that defines the composite state variable 𝑥. 
That equation identifies the ratio

𝓁 ≡ 𝐿∕𝑁

as the key measure of labor input per intermediate good. The interpretation is that this ratio measures the flow of raw labor services 
allocated to the typical intermediate good. In the steady state, this measure of labor allocation has growth rate

𝓁̇
𝓁

= 𝜆 − 𝑛∗ = −𝜅 − 1
𝛾

𝑧∗.

The interpretation of this steady state, therefore, is that the economy exhibits constant endogenous growth because the mass of 
firms grows sufficiently faster or slower than the population so that there is continuous dilution (𝜅 > 1) or concentration (𝜅 < 1) of 
labor services across firms. As illustrated in the second panel of Fig.  1, the dilution of labor services offsets the explosive pressure 
due to the property that production is convex in average knowledge, 𝑍. As illustrated in the third panel of Fig.  1, in contrast, the 
concentration of labor services offsets the implosive pressure due to the property that production is concave in average knowledge, 
𝑍.

We can summarize the result of this section as follows. Endogenous growth, defined as a constant exponential rate of growth of 
income per capita that is fueled by profit-driven innovation and is subject to policy action, occurs in this model for any value of the 
elasticity of final output with respect to firm knowledge. In particular, the conditions for its occurrence in each of the three cases 
of final production concave (𝜅 < 1), linear (𝜅 = 1), or convex (𝜅 > 1) in firm knowledge consist of a set of inequality restrictions 
on the parameters. Therefore, endogenous growth occurs for a thick set of parameter values and a thick set of initial conditions for 
quality-adjusted firm size that place the economy in the basin of attraction of the endogenous-growth steady state (𝑥∗). The basin 
of attraction is the entire real line for the concave and linear cases (global stability), while it is the interval of the real line from 
the origin to the unstable steady state (𝑥̃) in the convex case.

5. Convergence dynamics: Taking the model to the data

We now map the state variable 𝑥 defined in Section 4 into an observable variable that we can use in our empirical analysis. We 
then show that the speed of convergence is not constant and is asymmetric when the aggregate returns to vertical knowledge are 
not constant. Finally, we illustrate the implications for growth of the non-linear and asymmetric convergence dynamics.
10 
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5.1. A useful approximation

For the purpose of bringing the model to the data and discussing convergence dynamics without overly complicating the algebra, 
we use the approximation 1∕𝑥 ≈ 0. The approximation implies (1 − 𝛾) ∕𝛽𝜛𝑥 ≈ 0 and thus yields the firm innovation rate 

𝑧 (𝑥) =
𝛼𝜁 (𝜇 − 1)𝜛𝑥 − 1−𝛾

𝛽 (𝜇 − 1) − 𝛾𝜌

𝜅
. (44)

The key simplification is that this expression is linear in 𝑥 and says that quality growth is positive if and only if 𝑥 > 𝑥𝑍 , where 

𝑥𝑍 ≡
1−𝛾
𝛽 (𝜇 − 1) + 𝛾𝜌

𝛼𝜁 (𝜇 − 1)𝜛
. (45)

The law of motion of 𝑥 then reduces to the simple quadratic differential equation 
𝑥̇ = 𝜑2𝑥

2 − 𝜑1𝑥 + 𝜑0 (46)

where 𝜑2 ≡ 𝜔2∕𝜅, 𝜑1 ≡ 𝜔1∕𝜅, and 𝜑0 ≡ 𝜔0∕𝜅.
A remarkable property of this representation is that the differential equation that governs the dynamics of 𝑥 is a Riccati 

equation that we solve explicitly (see the appendix for the full derivation). Specifically, let the two roots of the quadratic equation 
𝜑2𝑥2 − 𝜑1𝑥 + 𝜑0 = 0 be 𝑥∗ and 𝑥̃, with 𝑥∗ being the stable root and 𝑥̃ being the unstable root. Given initial condition 𝑥0, the 
equilibrium path of firm size is 

𝑥(𝑡) =
𝑥∗

(

𝑥̃ − 𝑥0
)

− 𝑥̃
(

𝑥∗ − 𝑥0
)

𝑒𝜑2(𝑥∗−𝑥̃)𝑡

(

𝑥̃ − 𝑥0
)

−
(

𝑥∗ − 𝑥0
)

𝑒𝜑2(𝑥∗−𝑥̃)𝑡
. (47)

This solution highlights that the coefficient 𝜑2 of the quadratic term in our differential equation governs the convergence dynamics. 
Moreover, it describes analytically all of the relevant properties of the dynamics that we wish to take to the data.

To this purpose, we can extract further insight by noting that in steady state 𝜑0 = −
(

𝜑2 (𝑥∗)
2 + 𝜑1𝑥∗

)

. We can thus rewrite the 
differential equation in the form

𝑥̇ = 𝜑2𝑥
2 − 𝜑1𝑥 − 𝜑2

(

𝑥∗
)2 − 𝜑1𝑥

∗

=
[

𝜑2
(

𝑥 − 𝑥∗
)

+ 2𝜑2𝑥
∗ − 𝜑1

] (

𝑥 − 𝑥∗
)

.

This equation has steady state 𝑥∗, which is the solution of the equation 𝜑2𝑥2 − 𝜑1𝑥 + 𝜑0 = 0, which in turn is the solution of the 
equation 𝜔2𝑥2 − 𝜔1𝑥 + 𝜔0 = 0 characterized in Section 4. This property says that the approximation that we use in this analysis is 
very mild and that the dynamics that we study here represent very well the original model. In particular, our procedure yields the 
same representation of the dynamics as taking a second order approximation of the 𝑥̇ equation around the steady state. The reason 
is that Eq.  (29) is the ratio of a quadratic form to the term 𝜅 − 1−𝛾

𝛽𝜛𝜁
1
𝑥 , which converges very quickly to 𝜅 as 𝑥 grows. It is worth 

stressing that (29) and (46) have the same steady state by construction.

5.2. Going to the data

While the analytical solution (47) is remarkable and useful, it has the problem that lacking data on firm knowledge, 𝑍, the 
variable 𝑥 is not observable. Therefore, we need to find an observable variable that can stand in for 𝑥 in our empirical analysis. It 
turns out that GDP per capita growth has all the necessary properties.

The approximation 1∕𝑥 ≈ 0 justifies setting 𝜃𝜙∕𝜇𝜛𝑥 ≈ 0 in Eq.  (20). This, essentially, says that the ratio of GDP to final 
production, 𝐺∕𝑌 , is constant, which is not a bad representation of the data. Then, we write the growth rate

𝑔 = 𝜁𝛼(𝜇 − 1)𝜛𝑥 − 𝜌,

and we compute
𝑔̇ = 𝜁𝛼(𝜇 − 1)𝜛𝑥̇

and

𝑥 − 𝑥∗ =
𝑔 + 𝜌

𝜁𝛼(𝜇 − 1)𝜛
−

𝑔∗ + 𝜌
𝜁𝛼(𝜇 − 1)𝜛

=
𝑔 − 𝑔∗

𝜁𝛼(𝜇 − 1)𝜛
.

Therefore, we can write

𝑔̇ =
[

𝜑2
𝜁𝛼(𝜇 − 1)𝜛

(

𝑔 − 𝑔∗
)

+ 2𝜑2𝑥
∗ − 𝜑1

]

(

𝑔 − 𝑔∗
)

,

which we rewrite in the compact form
𝑔̇ =

[

𝜉1
(

𝑔 − 𝑔∗
)

+ 𝜉0
] (

𝑔 − 𝑔∗
)

,

where: 
𝜉1 ≡

𝜑2 ; (48)

𝜁𝛼(𝜇 − 1)𝜛

11 
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𝜉0 ≡ 2𝜑2𝑥
∗ − 𝜑1. (49)

This representation highlights the mapping between coefficients of the quadratic law of motion of the growth rate and the deep 
parameters of the model.

To take this structure to the data, we work with the differential equation in the form 
𝑔̇ =

[

𝜉1
(

𝑔 − 𝑔∗
)

+ 𝜉0
] (

𝑔 − 𝑔∗
)

= 𝑎𝑔2 + 𝑏𝑔 + 𝑐, (50)

where 𝜉1 = 𝑎, 𝜉0−2𝜉1𝑔∗ = 𝑏 and 𝜉1 (𝑔∗)2−𝜉0𝑔∗ = 𝑐. Moreover, since we have again a Riccati equation, we obtain the explicit solution 

𝑔(𝑡) =
𝑔∗

(

𝑔̃ − 𝑔0
)

− 𝑔̃
(

𝑔∗ − 𝑔0
)

𝑒𝑎(𝑔∗−𝑔̃)𝑡
(

𝑔̃ − 𝑔0
)

−
(

𝑔∗ − 𝑔0
)

𝑒𝑎(𝑔∗−𝑔̃)𝑡
, (51)

where 𝑔∗ is the stable root, 𝑔̃ is the unstable root, and 𝑔0 is the initial condition. To interpret properly this solution, which treats the 
growth rate as a state variable, recall that this construction uses the relation 𝑔 = 𝜁𝛼(𝜇−1)𝜛𝑥−𝜌, which says that in equilibrium the 
growth rate is a linear function of the state variable 𝑥.12 This solution is a remarkable result on its own. Furthermore, it says that 
for any initial condition 𝑔0 in the region of convergence we can study analytically the limiting behavior of the system. In particular, 
because 𝑔∗ > 𝑔̃ when 𝜅 < 1, which implies 𝑎 < 0, and 𝑔∗ < 𝑔̃ when 𝜅 > 1, which implies 𝑎 > 0, it is always the case for any value of 
𝜅 > 0 we obtain

lim
𝑡→∞

𝑔(𝑡) =
𝑔∗

(

𝑔̃ − 𝑔0
)

(

𝑔̃ − 𝑔0
) = 𝑔∗.

This is another way of stating our result that in this model endogenous growth is super robust: a stable steady-state growth rate 𝑔∗
exists for any positive value of the parameter 𝜅 that regulates the curvature of the production of final output, 𝑌 , with respect to 
firm knowledge, 𝑍, which is the model’s engine-of-growth factor.

To implement this structure empirically, we employ statistical techniques to estimate the coefficients of (50) and solve for the 
parameters of interest. Specifically, using a hat on top of a parameter to denote its estimate, we obtain:

𝜉1 = 𝑎̂ ⇒ 𝜉1 =
𝜅 − 1
𝜅

𝛼𝜁 (𝜇 − 1)𝜛
𝜁𝛼(𝜇 − 1)𝜛

⇒ 𝜉1 =
𝜅 − 1
𝜅

⇒ 𝜅̂ = 1
1 − 𝜉1

= 1
1 − 𝑎̂

;

𝜉0 = 𝑏̂ + 2𝑎̂𝑔∗;

𝑎̂
(

𝑔∗
)2 −

(

𝑏̂ + 2𝑎̂𝑔∗
)

𝑔∗ = 𝑐 ⇒ 𝑎̂
(

𝑔∗
)2 + 𝑏̂𝑔∗ + 𝑐 = 0.

Note that the first equation says that the estimated coefficient of the quadratic equation identifies our key parameter 𝜅. Solving the 
last two equations, we obtain:

𝑔̂∗ = −𝑏̂ ±
√

𝑏̂2 − 4𝑎̂𝑐
2𝑎̂

;

𝜉0 = ±
√

𝑏̂2 − 4𝑎̂𝑐.

The first of these two equations estimates the steady state growth rate from the coefficients of the equation that governs the 
convergence dynamics, and therefore maps it precisely to the deep parameters of the model accounting for such dynamics. Another 
way to say this is that we do not impose on our transition a value 𝑔∗ calculated according to some external criterion, but obtain it 
from the transition itself. In our empirical analysis, we select the root for the stable steady state.

5.3. Speed of convergence

We now study how the speed of convergence depends on the parameter 𝜅. Focusing on the speed of convergence in an endogenous 
growth framework is important for two reasons: first, any change that has temporary effects on growth – such as a temporary 
parameter change or a permanent change in a parameter that affects growth only temporarily (e.g., population size) – has permanent 
effects on productivity levels. The size of these effects depends on how quickly the system reaches the steady state. All else constant, 
fast convergence implies small level effects, while slow convergence amplifies them.

The second reason follows from the property that this model delivers a non-constant speed of convergence. A non-constant 
speed of convergence implies that the magnitude of parameter changes have non-proportional level effects. Furthermore and more 
importantly, if the speed of convergence differs above and below the steady state, symmetric shocks affect the average growth across 
shocks, causing it to differ from the steady state growth rate. We explore this implication in the next subsection, here we define and 
characterize analytically the speed of convergence.

We follow the literature (e.g., Barro and Sala-i Martin, 2004) and use the differential equation
𝑥̇ =

[

𝜑2
(

𝑥 − 𝑥∗
)

+ 2𝜑2𝑥
∗ − 𝜑1

] (

𝑥 − 𝑥∗
)

12 In the language of state–space models, one can think of this linear relation as the measurement equation for a latent variable with known law of motion.
12 
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derived earlier to compute 
𝑆.𝑜.𝐶. = − 𝑥̇

𝑥 − 𝑥∗
= −

[

𝜑2
(

𝑥 − 𝑥∗
)

+ 2𝜑2𝑥
∗ − 𝜑1

]

. (52)

If we disregard the term 𝜑2 (𝑥 − 𝑥∗), we have exactly the formula that is common in the conditional convergence literature, which is 
simply the linear approximation obtained through a first-order Taylor expansion of a model’s convergence equation. Our expression, 
instead, includes a term that depends on the distance of the state variable from its steady state value. This term is important for 
the reason stated above, namely that it produces a non-constant and asymmetric speed of convergence. The following proposition 
summarizes the role of 𝜅 for this property.

Proposition 2.  The speed of convergence defined in (52):
• increases in the state variable 𝑥 for 𝜅 < 1;
• is independent of the state variable 𝑥 for 𝜅 = 1;
• decreases in the state variable 𝑥 for 𝜅 > 1.

Proving this proposition is straightforward. Eq. (52) shows that the relationship between the speed of convergence and 𝑥 depends 
on the parameter 𝜑2. From Eq.  (30), the parameter’s sign depends exclusively on whether 𝜅 is greater or smaller than 1, while the 
term disappears when 𝜅 = 1. The phase diagrams in Fig.  2 then show that for 𝜅 = 1 the change in 𝑥 is proportional to its level. 
The role of the non-linearity is visible in the other two cases. For 𝜅 < 1 convergence is faster the further 𝑥 is above its steady state 
value. For 𝜅 > 1, instead, convergence speeds up the further 𝑥 is below its steady state value.

Why is the speed of convergence increasing or decreasing in 𝑥 depending on the value of 𝜅? To answer this question, it is useful 
to look at Eq.  (21), which says that the return to vertical innovation depends positively and linearly on 𝑥. However, 𝑥 depends 
positively or negatively on 𝑍 depending on whether 𝜅 > 1 or 𝜅 < 1. Therefore, for 𝜅 > 1, as 𝑍 increases, the return to vertical 
innovation increases, attracting resources away from horizontal innovation. Because entry is the process that ultimately brings the 
economy to the steady state, reducing investment in entry slows down the convergence process. The reverse happens for 𝜅 < 1: as 
𝑍 increases, the return to vertical innovation falls and resources flow to horizontal innovation, raising the rate of entry and thus 
accelerating the convergence process. This mechanism explains why, if 𝑍 is particularly large, producing a value of 𝑥 to the right of 
the unstable equilibrium 𝑥̃ in the phase diagram, the economy explodes because entry is never enough to offset the convexity of the 
production technology with respect to firm knowledge. None of these effects are present when 𝜅 = 1, in which case 𝑥 is independent 
of 𝑍, and convergence occurs at a constant rate.

5.4. Long-run growth vs. Steady-state growth

We now explore an important implication of the non-linear convergence dynamics: symmetric shocks do not even out. 
Consequently, the time average of growth across shocks with opposite signs differs from the steady state growth rate. This result 
has important implications for growth theory, namely, because of the asymmetric convergence dynamics, symmetric shocks are a 
determinant of long-run growth. It follows that focusing on the steady state is important but insufficient to understand growth. 
Instead, an analyst with that goal has to take into account shocks and transitional dynamics as well.

To illustrate this point in our deterministic model, we focus on surprise scale shocks, i.e., shocks to the scale factor 𝛬𝛾𝛺1−𝛾 that 
are unforeseen by all agents. The reason why this type of shock serves our purpose is twofold. First, as this model has a scale invariant 
steady state, a permanent change in the scale factor affects only temporarily the model’s variables, ensuring that they eventually 
converge back to steady state. Therefore, we can construct impulse responses without the need to specify a stationary law of motion 
for the scale factor. Second, the variable 𝑥, and consequently 𝑔, is linear in the scale factor, implying that a negative and a positive 
shock of the same magnitude have the same direct effect. Thus, any difference in dynamics following a positive or a negative shock 
is entirely due to the endogenous propagation mechanism of the model. While this is the simplest shock with these properties 
that we can consider in this model, our argument generalizes to any stationary shock to any parameter or, we conjecture, to a 
stochastic version of this model featuring mean-reverting shocks. These alternatives, however, introduce mathematical complications 
and additional effects that distract from the key insight that we pursue here.

To make our point, we use the concept of average growth across shocks. We consider the symmetric scale shocks defined above 
and recall that they generate transitional dynamics with growth accelerations/decelerations that eventually die out. We denote the 
initial effect of these shocks 𝑔+0 = 𝑔∗ + 𝛥 and 𝑔−0 = 𝑔∗ − 𝛥. More precisely, these ere the initial jumps in the growth rate caused 
by, respectively, the permanent positive and negative changes in the scale factor. We then leverage the analytical solution (51) 
derived in Section 5, interpreting it as the impulse–response function 𝑔 (𝑡) generated by the shock. We postulate that a positive and 
a negative shock occur with equal probability 1∕2. We then define the average across symmetric shocks

𝑔̄ (𝑡) = 1
2
𝑔+(𝑡) + 1

2
𝑔−(𝑡).

Our key result is that for 𝜅 ≠ 1 average growth across symmetric shocks differs from steady-state growth. The sign of the inequality 
depends on whether returns to the growth driving factor are increasing or decreasing. The following proposition, proved in the 
appendix, formalizes this result.

Proposition 3.  Consider symmetric and unanticipated scale shocks with opposite sign and equal probability of occurrence. At any time 
𝑡 > 0 after the shock, the endogenous propagation mechanism yields:
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Fig. 3. Convergence after Shocks and Steady State vs. Average Growth.

• 𝑔(𝑡) < 𝑔∗ for 𝜅 < 1;
• 𝑔(𝑡) = 𝑔∗ for 𝜅 = 1;
• 𝑔(𝑡) > 𝑔∗ for 𝜅 > 1.

Fig.  3 provides a graphical illustration of this property and is helpful in developing the intuition for the three cases of constant, 
increasing, and decreasing returns. The figure depicts on the same time axis the growth dynamics following a positive and a negative 
shock. It then shows the time path of the average across shocks, 𝑔(𝑡). At time 0, 𝑔(0) = 𝑔∗ in all cases because we have assumed 
symmetric shocks. Then, 𝑔(𝑡) coincides at all times with 𝑔∗ when 𝜅 = 1, meaning that the propagation of the two shocks is symmetric. 
Instead, the situation changes when non-linearities in the returns to vertical knowledge are present. 𝑔(𝑡) rises above 𝑔∗ as time goes 
by when 𝜅 > 1 and falls below 𝑔∗ when 𝜅 < 1. It then eventually converges back to 𝑔∗ as the shock’s effect dies out. Finally, the time 
average of 𝑔(𝑡) from time 𝑡 = 0 to an arbitrary future period 𝑡 = 𝑇  is always above or below 𝑔∗. This is an important observation 
because it implies that computing the time average of the growth rate in an economy with non-constant returns characterized by 
a succession of this type of shocks does not recover the steady state growth rate. In other words, the frequency and magnitude of 
these shocks are a determinant of long-run growth.

6. Estimation: The growth process in a quadratic equation

In this section we estimate the quadratic differential equation in 𝑔 derived in Section 5. To keep the number of observations high, 
we work with a panel of countries. The conditions we adopt to select the countries are data availability for at least 100 years, and 
an expectation that their long-run growth throughout the sample period is primarily driven by technological progress as opposed 
to the accumulation of some other factor. Based on Maddison data, we find 19 countries that fit the description: USA, France, Italy, 
Argentina, Sweden, Netherlands, Japan, Canada, Finland, Australia, Norway, Switzerland, Great Britain, Spain, Belgium, Germany, 
Austria, Greece, New Zealand. We use data from 1870 for most countries, but because of data availability issues the first observation 
for Canada, New Zealand, and Austria is in 1872, while for Argentina and Japan it is in 1902.

Formally, the statistical model is a panel with fixed effects which takes the following form: 
𝑔𝑖,𝑡 − 𝑔𝑖,𝑡−1 = 𝜘1,𝑖 + 𝜘2𝑔𝑖,𝑡−1 + 𝜘3𝑔2𝑖,𝑡−1 + 𝜖𝑖,𝑡, (53)

where 𝜖𝑡 is the error term, and the subscript 𝑖 denotes the country. We estimate the equation by OLS.13 From this equation, we 
identify the parameter 𝜅̂ as illustrated below. Furthermore, by imposing 𝑔𝑖,𝑡 − 𝑔𝑖,𝑡−1 = 0 we compute the steady state growth rate 

13 Although Eq.  (53) is written in differences, it is equivalent to a nonlinear dynamic equation in levels, so dynamic fixed-effects estimators may exhibit 
Nickell bias. Because our panel is long, this bias is expected to be small. We verify this by applying split-panel jackknife bias corrections (SPJ, 𝐾 = 3, 4, 5) to the 
levels representation, whose results are presented in Table  5 in the appendix; the bias-corrected estimates are close to the baseline fixed-effects results and the 
nonlinear term remains positive. Furthermore, we estimate Eq.  (53) with random effects obtaining very close estimates. As random effects do not rely on the 
within transformation that generates the Nickell bias mechanism, the similarity between fixed- and random-effects estimates suggests that our main conclusions 
are not an artifact of the fixed-effects transformation. Separately, inference is robust to the small number of clusters: wild cluster bootstrap confidence intervals 
closely match country-clustered fixed effects inference.
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Table 1
Estimation of Eq.  (53) with HP-filtered income per capita log-level.
 Variables Coefficient Rob. Std. Err. 
 𝑔 −0.030425∗∗∗ (0.001903)  
 𝑔2 0.320900∗∗∗ (0.028573)  
N = 2749 n = 19 T = 118,… , 144.7,… , 148 (unbalanced panel)
𝑅2
within = 0.0119 𝑅2

between = 0.0057 𝑅2
overall = 0.0121

Standard errors robust adjusted for 19 clusters (countries).
∗∗∗𝑝 < 0.01, ∗∗𝑝 < 0.05, ∗𝑝 < 0.10.

Table 2
Estimated steady state growth rates.
 Country USA FRA ITA ARG SWE NDL JPN CAN FIN AUS  
 𝑔∗ 1.52% 1.16% 1.03% 0.77% 1.57% 1.12% 1.09% 1.68% 1.46% 0.70% 
 𝑚𝑒𝑎𝑛(𝑔(𝑡)) 1.63% 1.68% 1.71% 1.17% 2.09% 1.61% 2.47% 1.90% 2.06% 1.53% 
 Country NOR CHE GBR ESP BEL DEU AUT GRC NZL  
 𝑔∗ 1.70% 1.49% 1.11% 0.62% 0.96% 1.20% 1.04% 0.20% 0.75%  
 𝑚𝑒𝑎𝑛(𝑔(𝑡)) 2.49% 2.03% 1.28% 1.87% 1.51% 1.85% 1.79% 1.65% 1.28%  

implied by the statistical model after solving for 𝑔𝑖 the quadratic equation. Because the quadratic equation has two solutions, the 
relevant value of 𝑔∗ is the stable one. That is the lower if 𝜅 > 1, or the higher if 𝜅 < 1.

Before proceeding with the estimation, whose results we summarize in Table  1, we filter the data to remove high-frequency 
fluctuations which could bias our speed of convergence. Specifically, we apply the filter on the log-level of income per capita, 
taking log differences afterwards to retrieve 𝑔. Our filter of choice is the HP filter, which is standard in the literature. However, 
as distinguishing between trend and fluctuations is a controversial issue, we show in appendix results after applying the Hamilton 
filter (Hamilton, 2018) in Table  3, and without filtering in Table  4. The main focus of this paper is the sign of the coefficient 𝜘3, 
which we show to be robust to different filtering procedures. As expected, the coefficient 𝜘2 is sensitive to the filter.

In our view, the estimate produced from the HP-filtered data are the most credible. The Hamilton filter, instead, delivers results 
very similar to the ones produced from unfiltered data. To corroborate this view, we compute the speed of convergence from a first-
order Taylor approximation of the quadratic equation. The estimated coefficients produce a speed of convergence of approximately 
2% annually for all countries, which is in line with the estimates in the literature, for example Sala-i Martin (1996).

The coefficient associated with the quadratic term, 𝜘3 is positive, implying that the speed of convergence increases in GDP per 
capita growth. From Eqs. (30) and (48), we derive a direct mapping from this coefficient to the return to quality 𝜅̂ = 1∕(1−𝜘̂3) = 1.473, 
with 95% confidence interval computed using the delta method of [1.351, 1.594]. We conclude that data from 19 countries in 
the post industrial revolution period select the growth dynamics delivered by a growth model with increasing returns to firms’ 
technological knowledge.

The steady state income per capita growth rates computed for each country are not statistically different from each other, as 
𝜘̂1 exhibits high standard errors. However, the point estimates presented in Table  2 seem reasonable. Countries with a steady 
state growth rate higher than the US are Scandinavian countries and Canada. Lower growth rates are in continental Europe, with 
particularly low levels in Southern Europe, Argentina, and Oceania. As a further point, we note that the unstable root for 𝑔∗ is 
around 8% for all countries.

Table  2 also shows the average growth rate over the sample period per country. As predicted by the theory with 𝜅 > 1, average 
growth is above steady state growth for all countries except one. The large confidence intervals for 𝜘1 suggests caution in interpreting 
too much out of the estimates for the steady state growth rates. Nevertheless, the difference between 𝑔 and 𝑔∗ signals that the effect 
presented in Section 5 is potentially quite large for most countries. This is a direct consequence of a value of 𝜅 so far away from 1.

7. Discussion and future directions

The theoretical model and the related empirical analysis illustrate some aspects of the convergence process in high-income 
countries to their steady state growth rate. Convergence is a topic that the literature has discussed at length, however, our concept 
of convergence, although related, differs in some important ways. In the context of our theoretical model, which is a model of 
endogenous growth in a closed economy, convergence refers to reaching the country-specific stationary endogenous rate of growth. 
This definition differs from the one popularized by Barro and Sala-i-Martin (1992), which refers to convergence to a position in the 
stationary distribution of relative income per capita across countries. Although this concept of convergence differs from the one we 
adopt, the two are related. Convergence in the Barro and Sala-i-Martin sense occurs when countries grow at the same rate in steady 
state. Our model can potentially speak to this claim, but the theoretical framework and the empirical results presented in this paper 
remain agnostic.

On the theoretical front, we analyze a closed economy. Extending the model to an open economy would introduce forces of 
convergence to a common global growth rate such as international technological spillovers or a market-based mechanism that 
drives convergence by introducing economic diminishing returns (Acemoglu and Ventura, 2002). These forces could generate 
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growth equalization across countries, with changes in country-specific parameters determining temporary deviations of growth 
from the global steady state rate. On the empirical front, we estimate the model using panel data with fixed effects. While the point 
estimates of steady-state growth rates differ meaningfully across countries, the confidence intervals are too wide to conclude that 
these differences are statistically significant. A promising avenue for future research could be the exploration of the role of 𝜅 in 
shaping the distribution of income per capita across countries.

A further point concerns the drivers of the convergence process. The literature mentioned above has mostly discussed the role of 
physical (Barro and Sala-i-Martin, 1992) and human capital (Mankiw et al., 1992) in driving the convergence dynamics. Our paper 
shows that convergence dynamics driven by factors with diminishing returns must also exhibit a convergence process that increases 
in the gap between the current growth rate and its steady state value. Conversely, when factors with increasing returns drive the 
dynamics, the speed of convergence decreases in that gap. Our empirical results in a panel of 19 high-income countries show 
evidence in support of the latter case, thus suggesting that neither physical nor human capital alone are the primary force behind it 
in these countries. Instead, our model cannot rule out that these factors may interact with the innovation process, thus reinforcing 
the mechanism that we highlight. For physical capital, Parello and Venturini (2025) provide evidence that capital intensity facilitates 
internalizing knowledge spillovers. Regarding human capital, one of Unified Growth Theory’s building blocks is that technological 
knowledge and human capital are mutually reinforcing (Galor and Weil, 2000). The model could be extended to account for this 
type of interactions.

Furthermore, the evidence of increasing returns revealed by our empirical analysis adds relevant information on the currently 
debated nature of the knowledge accumulation process. Bloom et al. (2020) interpret the negative trend in the ratio between 
productivity growth and number of researchers in the U.S. as evidence that accumulating more knowledge hinders further discovery. 
In contrast, Ando et al. (2025) estimate directly the firm-specific marginal returns to R&D, finding that they have risen in recent 
decades in the U.S., while Fort et al. (2025) find an increasing productivity of R&D by examining patenting patterns. Our results 
provide evidence from convergence dynamics using macro-data that support the same conclusions that the latter two studies derive 
from micro-data.

Finally, the non-linearity of the convergence process is discussed in the literature in the form of threshold discontinuities as 
countries enter different growth regimes (Fiaschi and Lavezzi, 2007; Cozzi et al., 2026). This notion of non-linearity differs from 
the one we discuss, as we focus on convergence dynamics in the neighborhood of the steady state in the modern sustained growth 
regime. Accordingly, in our empirical analysis, we decide to focus on countries and time periods that have already completed their 
transition to a sustained growth regime. Nevertheless, the model can generate the type of threshold discontinuities emphasized in 
this literature — see for example Chu et al. (2025), which is a version of this model with productive public expenditures.

8. Conclusion

This paper has presented a model that delivers endogenous growth with decreasing, constant, or increasing returns to scale to 
the growth-driving factor. The model ingredient that achieves this result is the introduction of endogenous competitive forces that 
affect the incentive to invest. In our model, vertical innovation increases firm-level technological knowledge, the growth driving 
factor, while horizontal innovation driven by a free-entry condition dilutes the typical firm’s market share, affecting the incentives 
to conduct vertical innovation. As the typical firm’s value reflects the non-linear returns to firm knowledge, entry responds to the 
evolution of such evaluation and causes a market share effect that offsets the non-linear returns to firm knowledge. The result is 
constant returns to investment that determine the existence of a unique, stable steady state exhibiting endogenous growth.

An important implication of non-linear returns to firm knowledge is that the speed of convergence is not constant and asymmetric. 
Specifically, convergence is faster from above when returns to firm knowledge are decreasing and faster from below when they are 
decreasing. This asymmetry implies that symmetric shocks that cause growth accelerations or decelerations that eventually die out 
introduce an inequality between average growth across shocks and steady state growth, with the sign of this inequality depending 
exclusively on whether returns to firm knowledge are increasing or decreasing. Therefore, focusing on the steady state is insufficient 
to understand long-run growth and one needs to take into account the convergence dynamics as well. This suggests that the field 
can benefit from devoting more attention to the study of the transitional dynamics of growth models.

Finally, the paper estimates the key coefficient that determines the returns to firm knowledge from a panel of 19 countries. It 
does so by estimating a quadratic differential equation in GDP per capita growth, which is the representation of the law of motion 
of the key state variable that the model produces under a mild approximation. We find evidence of aggregate increasing returns to 
firm knowledge.

This paper’s results are relevant to the well-known debate concerning the measurement of economic growth (Martin and Riley, 
2024). While potential future revisions in growth measurement could result in the rejection of some models that are now considered 
reliable, the model proposed here is robust as these changes would only affect its parametrization, not its qualitative properties, in 
particular its ability to deliver endogenous growth.

Declaration of competing interest

I declare that I have no relevant or material financial interests that relate to the research described in this paper.
16 



F. Massari and P.F. Peretto Journal of Economic Behavior and Organization 245 (2026) 107549 
Appendix. Derivations, proofs, and robustness

Solution of the riccati equations

The generic quadratic differential equation 𝑥̇ = 𝑎𝑥2 − 𝑏𝑥 + 𝑐 has two distinct real roots under the condition 𝑏2 > 4𝑎𝑐. We define 
the roots

𝑟1 =
𝑏 −

√

𝑏2 − 4𝑎𝑐
2𝑎

𝑎𝑛𝑑 𝑟2 =
𝑏 +

√

𝑏2 − 4𝑎𝑐
2𝑎

.

As discussed in the main body of the paper, the stable steady state is the smaller of the two solutions for 𝜅 > 1 and the larger for 
𝜅 < 1. Furthermore, we have 𝑎 > 0 for 𝜅 > 1 and 𝑎 < 0 for 𝜅 < 1. Therefore, in both cases 𝑟1 is the stable root and 𝑟2 is the unstable 
root. In the main body of the paper, we denote these roots 𝑟1 = 𝑥∗ and 𝑟2 = 𝑥̃ when we solve Eq.  (46) and we denote them 𝑟1 = 𝑔∗

and 𝑟2 = 𝑔̃ when we solve Eq.  (50). For brevity, we solve only Eq.  (46), the procedure is identical for Eq.  (50).
We first factorize the equation

𝑎𝑥2 − 𝑏𝑥 + 𝑐 = 𝑎(𝑥 − 𝑟1)(𝑥 − 𝑟2) = 𝑎(𝑥 − 𝑥∗)(𝑥 − 𝑥̃)

so that we can separate the variables, obtaining
𝑑𝑥(𝑡)

𝑎(𝑥(𝑡) − 𝑥∗)(𝑥(𝑡) − 𝑥̃)
= 𝑑𝑡.

Using partial fraction decomposition, we write
1

𝑎(𝑥(𝑡) − 𝑥∗)(𝑥(𝑡) − 𝑥̃)
= 𝐴

𝑥(𝑡) − 𝑥∗
+ 𝐵

𝑥(𝑡) − 𝑥̃
.

Solving for 𝐴 and 𝐵, we obtain
1

𝑎(𝑥(𝑡) − 𝑥∗)(𝑥(𝑡) − 𝑥̃)
=

𝐴𝑎 (𝑥(𝑡) − 𝑥̃) + 𝐵𝑎 (𝑥(𝑡) − 𝑥∗)
𝑎 (𝑥(𝑡) − 𝑥∗) (𝑥(𝑡) − 𝑥̃)

.

𝐴𝑎 (𝑥(𝑡) − 𝑥̃) + 𝐵𝑎
(

𝑥(𝑡) − 𝑥∗
)

= 1

𝐴𝑎
(

𝑥∗ − 𝑥̃
)

+ 𝐵𝑎
(

𝑥∗ − 𝑥∗
)

= 1 𝑎𝑛𝑑 𝐴𝑎 (𝑥̃ − 𝑥̃) + 𝐵𝑎
(

𝑥̃ − 𝑥∗
)

= 1

𝐴𝑎
(

𝑥∗ − 𝑥̃
)

= 1 𝑎𝑛𝑑 𝐵𝑎
(

𝑥̃ − 𝑥∗
)

= 1

𝐴 = 1
𝑎(𝑥∗ − 𝑥̃)

𝑎𝑛𝑑 𝐵 = −1
𝑎(𝑥∗ − 𝑥̃)

.

𝐴𝑎 (𝑥(𝑡) − 𝑥̃) + 𝐵𝑎 (𝑥(𝑡) − 𝑥∗)
𝑎 (𝑥(𝑡) − 𝑥∗) (𝑥(𝑡) − 𝑥̃)

=
1

𝑎(𝑥∗−𝑥̃)𝑎 (𝑥(𝑡) − 𝑥̃) − 1
𝑎(𝑥∗−𝑥̃)𝑎 (𝑥(𝑡) − 𝑥∗)

𝑎 (𝑥(𝑡) − 𝑥∗) (𝑥(𝑡) − 𝑥̃)

= 1
(𝑥∗ − 𝑥̃)

(𝑥(𝑡) − 𝑥̃) − (𝑥(𝑡) − 𝑥∗)
𝑎 (𝑥(𝑡) − 𝑥∗) (𝑥(𝑡) − 𝑥̃)

= 1
𝑎 (𝑥(𝑡) − 𝑥∗) (𝑥(𝑡) − 𝑥̃)

.

Thus, the integral simplifies to

∫

(

𝐴
𝑥(𝑡) − 𝑥∗

+ 𝐵
𝑥(𝑡) − 𝑥̃

)

𝑑𝑥 = ∫ 𝑑𝑡,

which yields
1

𝑎(𝑥∗ − 𝑥̃)
ln |𝑥(𝑡) − 𝑥∗| − 1

𝑎(𝑥∗ − 𝑥̃)
ln |𝑥(𝑡) − 𝑥̃| = 𝑡 + 𝐶.

Rearranging terms, we have

ln
|

|

|

|

𝑥(𝑡) − 𝑥∗

𝑥(𝑡) − 𝑥̃
|

|

|

|

= 𝑎(𝑥∗ − 𝑥̃)𝑡 + 𝐶.

Solving this expression for 𝑥(𝑡), we obtain
𝑥(𝑡) − 𝑥∗

𝑥(𝑡) − 𝑥̃
= 𝑒𝑎(𝑥

∗−𝑥̃)𝑡+𝐶 = 𝑒𝑎(𝑥
∗−𝑥̃)𝑡+𝐶 = 𝐶𝑒𝑎(𝑥

∗−𝑥̃)𝑡.

Hence,
𝑥(𝑡) − 𝑥∗

𝑥(𝑡) − 𝑥̃
= 𝐶𝑒𝑎(𝑥

∗−𝑥̃)𝑡

𝑥(𝑡) − 𝐶𝑒𝑎(𝑥
∗−𝑥̃)𝑡𝑥(𝑡) = 𝑥∗ − 𝐶𝑒𝑎(𝑥

∗−𝑥̃)𝑡𝑥̃

𝑥(𝑡) = 𝑥∗ − 𝑥̃𝐶𝑒𝑎(𝑥∗−𝑥̃)𝑡

1 − 𝐶𝑒𝑎(𝑥∗−𝑥̃)𝑡
.
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Table 3
Estimation of Eq.  (53) with Hamilton-filtered income per capita log-
level.
 Variables Coefficient Rob. Std. Err. 
 𝑔 −0.93151∗∗∗ (0.02162)  
 𝑔2 0.28002∗∗∗ (0.06243)  
N = 2728 n = 19 T = 118,… , 143.6,… , 148 (unbalanced panel)
Years: 1870–2017  RMSE = 0.0623
𝑅2
within = 0.4885 𝑅2

between = 0.0009 𝑅2
overall = 0.4885

Standard errors robust adjusted for 19 clusters (countries).
∗∗∗𝑝 < 0.01, ∗∗𝑝 < 0.05, ∗𝑝 < 0.10.

We can then solve for 𝐶 as follows
𝑥(0) = 𝑥∗ − 𝐶𝑥̃

1 − 𝐶
⇒ 𝐶 =

𝑥∗ − 𝑥(0)
𝑥̃ − 𝑥(0)

.

Thus, our final solution is

𝑥(𝑡) =
𝑥∗ (𝑥̃ − 𝑥(0)) − 𝑥̃ (𝑥∗ − 𝑥(0)) 𝑒𝑎(𝑥∗−𝑥̃)𝑡

(𝑥̃ − 𝑥(0)) − (𝑥∗ − 𝑥(0)) 𝑒𝑎(𝑥∗−𝑥̃)𝑡
,

where by construction 𝑎 = 𝜑2.

Proof of Proposition  3

We want to study the difference

𝑔̄ (𝑡) − 𝑔∗ = 1
2
𝑔+(𝑡) + 1

2
𝑔−(𝑡) − 𝑔∗ ⋚ 0.

We write it
𝑔̄ (𝑡) − 𝑔∗ = 1

2
[

𝑔+(𝑡) − 𝑔∗
]

+ 1
2
[

𝑔−(𝑡) − 𝑔∗
]

⋚ 0.

We can then do the brute force algebra:
(𝑔∗ − 𝑔̃) (𝑔∗ − 𝑔+0 )𝑒

−𝑎(𝑔̃−𝑔∗)𝑡

(𝑔̃ − 𝑔+0 ) + (𝑔∗ − 𝑔+0 )𝑒
−𝑎(𝑔̃−𝑔∗)𝑡

+
(𝑔∗ − 𝑔̃) (𝑔∗ − 𝑔−0 )𝑒

−𝑎(𝑔̃−𝑔∗)𝑡

(𝑔̃ − 𝑔−0 ) + (𝑔∗ − 𝑔−0 )𝑒
−𝑎(𝑔̃−𝑔∗)𝑡

⋚ 0

(

𝑔̃ − 𝑔∗
)

𝛥𝑒−𝑎(𝑔̃−𝑔
∗)𝑡

[

1
(𝑔̃ − 𝑔+0 ) + 𝛥𝑒−𝑎(𝑔̃−𝑔∗)𝑡

− 1
(𝑔̃ − 𝑔−0 ) − 𝛥𝑒−𝑎(𝑔̃−𝑔∗)𝑡

]

⋚ 0.

The sign of the term outside of the square bracket depends on 𝜅. Specifically, when 𝜅 > 1, 𝑎 > 0, thus 𝑔∗ is the lower root and 𝑔̃ is 
the higher root. The opposite is true when 𝜅 < 1, whereas when 𝜅 = 1, 𝑔∗ = 𝑔̃. Consequently, the sign of the term outside of brackets 
is positive for 𝜅 > 1, negative for 𝜅 < 1, and equal to 0 for 𝜅 = 1. Note that this last statement proves the second bullet point in the 
proposition. Therefore, the remainder of the proof focuses on the cases where 𝜅 ≠ 1.

To end the proof, we therefore need to prove that the term within the parenthesis is positive for 𝑡 > 0 when 𝜅 ≠ 1. That happens 
when

𝑔+0 − 𝑔−0 > 2𝛥𝑒−𝑎(𝑔̃−𝑔
∗)𝑡.

Because 𝑔+0 − 𝑔−0 = 2𝛥, the statement is true for
𝑒−𝑎(𝑔̃−𝑔

∗)𝑡 < 1.

Taking natural logs on both sides, the expression becomes
−𝑎(𝑔̃ − 𝑔∗)𝑡 < 0.

The statement is always true for 𝜅 ≠ 1 because 𝑔̃ > 𝑔∗ when 𝑎 > 0 (thus 𝜅 > 1), while 𝑔̃ < 𝑔∗ when 𝑎 < 0 (thus 𝜅 < 1).

Robustness tests

See Tables  3–5.

Data availability

Data will be made available on request.
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Table 4
Estimation of Eq.  (53) with unfiltered income per capita log-level.
 Variables Coefficient Rob. Std. Err. 
 𝑔 −0.83237∗∗∗ (0.05379)  
 𝑔2 0.24096∗∗ (0.09534)  
N = 2749 n = 19 T = 118,… , 144.7,… , 148 (unbalanced panel)
Years: 1870–2017  RMSE = 0.0562
𝑅2
within = 0.4344 𝑅2

between = 0.2425 𝑅2
overall = 0.4344

Standard errors robust adjusted for 19 clusters (countries).
∗∗∗𝑝 < 0.01, ∗∗𝑝 < 0.05, ∗𝑝 < 0.10.

Table 5
Split-panel jackknife (SPJ) robustness for Eq.  (53).
 Estimator 𝜘2 𝜘3  
 FE (levels form) −0.030425 0.320898 
 SPJ (𝐾 = 3) −0.032204 0.323651 
 SPJ (𝐾 = 4) −0.021071 0.251499 
 SPJ (𝐾 = 5) −0.028873 0.289911 
Notes: The table reports fixed-effects (FE) estimates and split-panel jackknife 
(SPJ) bias-corrected estimates computed on the levels representation of Eq. 
(53). SPJ is reported for 𝐾 ∈ {3, 4, 5}.
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